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Abstract
Over the last few decades enormous progress has been made in the study of the Universe
and we are now entering the age of precision cosmology, with numerous upcoming high
precision surveys expected to provide us with an incredible wealth of information. Ob-
servational data is usually interpreted once assumptions about the underlying cosmology
are made. One of those commonly made assumptions is that the Universe is homoge-
neous and istropic, which observations seem to indicate is the case on very large scales.
However, on smaller scales such as galaxies and groups of galaxies this is clearly not
the case. With the precision of observations increasing to unprecedented levels, is it still
justifiable to make the assumption that the Universe is homogeneous on all scales even
though we know that this is not the case on most scales? Much of this thesis is dedicated
to this question.
We develop a class of exact inhomogeneous solutions to general relativity for dust
and a cosmological constant with which we can model a line of sight with arbitrary mat-
ter distribution; far away from this line of sight the solutions tend towards a standard
homogeneous model of the Universe. This class of solutions is very well suited to model
the effects of inhomogeneities along the line of sight on cosmological observations. We
find that the effects of the inhomogeneities on the relation between distance and redshift
are small if one imposes that the inhomogeneities along the line of sight average to the
background density. Using compensated structures of several shapes and sizes, we find
the deviations from the distance – redshift relation to be below 1%. However, as soon
as the lines of sight are not completely compensated larger deviations are found. We
investigate this effect further and compare several exact solution to general relativity and
perturbative approaches. The results from the three exact solution are very similar and
indicate that uncompensated lines of sight can result in distance – redshift relations very
different to the homogeneous ones. For small fluctuations we find that the complete lin-
ear analysis agrees with the results from exact solution but weak lensing predictions do
not. The expansion rates along lines of sight which are not compensated are different
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than in the background which causes the large deviations in the distance – redshift rela-
tion. We find that void regions expand faster than in the background, but can they expand
fast enough to explain the observed cosmic acceleration?
To answer this question from the exact solutions point of view we develop an inhomo-
geneous solution to general relativity for a single fluid with a constant equation of state
parameter in the background. Within this solution we investigate the expansion proper-
ties of compensated regions and void regions. We find that compensated regions expand
as the background and find that void regions do expand faster than the background but
cannot cause cosmic acceleration.
The physical mechanisms at work during the early Universe are not very well under-
stood yet, but the hope is that through the data provided by future high precision surveys
we might be able to constrain some of the theories. In particular constraints on the levels
of primordial non-Gaussianity will be a powerful discriminator between theories. There-
fore we investigate the growth of matter inhomogeneities to second perturbative order
in a concordance cosmology and find the dependence of the density fluctuations on pri-
mordial non-Gaussianities. We also show how Newtonian and purely general relativistic
non-linear effects enter into the second order density fluctuations. This understanding is
essential in extracting information about primordial non-Gaussianties from the distribu-
tion of large scale structure today.
Lastly, we analysed a proposed way of probing cosmic expansion by using the well
studied Alcock-Paczynski effect in the dynamics of galaxy pairs. We studied the dynam-
ics of galaxy pairs in an N-body simulation and found that once several cuts are made
on the selection of the galaxy pairs, including isolation criteria, mass cuts and separation
cuts, there might be a possibility of using pairs with such properties as cosmic tracers.
Modelling of the velocities of the galaxies due their mutual attraction and local densities
needs to be done first though to remove systematic errors in the observations.
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Notation
Sign convention: (-,+,+,+).
Units: c = 8piG = 1.
Indices:
a, b, c... take values from 0 to 4,
i, j, k... take values from 1 to 4.
Scale factor:
For the FLRW scale factor, we use a(t).
For a more general function which can reduce to the FLRW scale factor, we use S(t).
When doing numerical calculations, we assume a flat cosmology and use:
ΩΛ = 0.75 and H0 = 72 km/sMpc−1.
The following abbreviations are used in this thesis:
• AP Alcock-Paczynski
• BAO baryon acoustic oscillations
• CDM cold dark matter
• CMB cosmic microwave background
• DE dark energy
• EFE Einstein field equations
• FLRW Friedmann-Lemaıˆtre-Robertson-Walker
• GR general relativity
• ISW integrated Sachs-Wolfe
• LSS large scale structure
• ODE ordinary differential equation
• RSD redshift-space distortions
• Sn1a supernova type 1a.
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Chapter 1
Modern Cosmology
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1.1 The accelerating Universe and cosmological tests
The discovery of the accelerated expansion of the Universe in the late 1990s [108, 101],
inferred by the observed luminosities of Supernovae type 1a (Sn1a) and assuming a ho-
mogeneous and isotropic universe, has raised fundamental issues still to be answered
today. Identifying what could cause such an acceleration of the Universe, or maybe only
a dimming of Sn1a, has been the subjects of much scientific research since then. The
Sn1a observations did support the ΛCDM model though, introduced before [100, 52].
This model assumes a spatially flat geometry of the Universe, with a cosmological con-
stant Λ being the cause of the cosmic acceleration and most of the matter being in the
form of cold dark matter (CDM). This model has afterwards emerged as the concordance
model of modern cosmology [119, 133]. There is no observational evidence against the
cosmological constant, but its value inferred from observations grossly differs from the
value predicted by theory. This issue is known as the cosmological constant problem,
see e.g. [138] for a review. More generally, we speak about dark energy (DE) driving the
now well established cosmic acceleration [15] and the search for what form this DE takes
is still on. Many alternatives to the cosmological constant are considered in the literature
[43, 3, 113, 104, 32] to explain the effects that, within the assumption of homogeneity
and isotropy, are interpreted as cosmic acceleration [76].
Once we make the assumption of isotropy and homogeneity, support for cosmic ac-
celeration comes not only from Sn1a observations but from several other, independent
observations. These include the cosmic microwave background (CMB), baryon acoustic
oscillations (BAO) and various measurements of the large scale structure (LSS), see e.g.
[15, 5] for reviews. We shall discuss each of those observations in turn.
1.1.1 Supernovae type 1a
A Sn1a is thought to be the thermonuclear combustion of a white dwarf star that reaches
the Chandrasekhar mass (1.4 M) by accretion or by the merging of two white dwarf
stars, for more details on classifications of supernovae see e.g. [45, 62]. The thermonu-
clear combustion which occurs is referred to as standarisable as not all Sn1a are the same
but can be standardised using certain properties of their lightcurves. The luminosity dis-
tance to the supernovae is inferred from the observed luminosity. Such observations can
be plotted on a Hubble diagram and the cosmological expansion and hence cosmologi-
cal parameters can be deduced from it. It was from plotting supernova luminosities on
a Hubble diagram that the first conclusive evidence for cosmic acceleration was found
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[108, 101]. On the distance ladder, Sn1a are the best distance indicators on cosmological
scales know to date, however, one finds that they have an intrinsic dispersion in their lu-
minosities and hence we need to observe large numbers to tightly constrain cosmological
parameters. The frequency of Sn1a is quite low and therefore detecting large numbers is
very difficult; the most current collection of Sn1a data is given in the Union 2.1 compila-
tion [126] and contains 580 supernovae. To compare, the upcoming dark energy survey
plans to detect around 3 000 Sn1a by 2017. The limiting factor in analysing Sn1a is not
statistical error any more but rather systematic errors and a more in-depth understanding
of Sn1a is required to make significant progress. See [39] for a general review of super-
novae cosmology.
1.1.2 The cosmic microwave background
The CMB is the relic radiation we observe today that was emitted during the epoch of
recombination, approximately 300 000 years after the big bang. We observe the energy
distribution of the radiation to be from a perfect black body at around 2.7K, with inho-
mogeneities of the order of 10−5. The currently best observations are available from the
WMAP seven year data [76]. In 2013 the results from the Planck satellite are expected to
be published, superseding the WMAP results. From a theoretical point of view the statis-
tical properties of these anisotropies in the early Universe are well understood and hence
we can use the CMB to constrain cosmic parameters. However, if the cosmic acceleration
is driven by the cosmological constant, the Universe would have only started accelerating
very recently and CMB anisotropies would not be a good test of this acceleration. This
is apparent in the constraints from the CMB on parameter space in Fig. 1.1, as one can
see that the CMB only weakly constraints the value of ΩΛ. We can use the distance to
the CMB to constrain dark energy though, since it is inferred by geometrical arguments
and gives us an insight into the expansion history down our past lightcone. An additional
effect that can be used is the integrated Sachs-Wolfe (ISW) effect which gives an insight
into the time evolution of gravitational potentials that are transversed by photons as their
energy is changed by the change in the potential. In the context of the CMB this is applied
by correlating photons from the CMB with galaxy distribution maps and hence finding
the change in the energy of the photons due to the change in the gravitational potentials
around galaxies. This procedure was suggested by [44] and a first detection was reported
in [116]. The ISW effect is very sensitive to dark energy as the gravitational potentials
would be constant in time in the pure cold dark matter case. This effect has been detected
at a higher than 4σ confidence level [66], providing firm evidence for DE.
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1.1.3 Baryon acoustic oscillations
The acoustic peaks in the CMB power spectrum are transferred into the power spectrum
of baryons before recombination. This signal survives the collapse of baryons into galax-
ies and the cosmic expansion and therefore we can still observe it today as a peak in the
correlation function of galaxies at comoving separations of about 150 Mpc. This BAO
signal can be used as a standard ruler and since it is a three dimensional feature, it can
be used to constrain the transverse and line of sight expansion. Detecting the signal is
non-trivial though as it only shows up as a ∼ 1% excess probability in the correlation
function and the large separations at which it is observed imply that very large volume
surveys are necessary. The first detections of the feature have been made by SDSS [54]
and the 2dF [40]. However, separate constraints on the transverse and line of sight expan-
sions have not been made yet and therefore only their product is constrained so far. Once
observations of the BAO become good enough to separate these effects, this will provide
a further test of the concordance model of cosmology. It will test whether expansion is
homogeneous as expected within ΛCDM cosmology, but not necessary in some of the
alternative dark energy models, see e.g. [60].
1.1.4 Large scale structure
The theory of linear structure formation in a ΛCDM cosmology is well understood and
hence we can link the distribution of inhomogeneities from the CMB to today’s large
scale structure. This process depends on cosmological parameters and hence knowing
the distribution of matter today and during recombination lets us constrain those param-
eters. One can link the inhomogeneities in the CMB to inhomogeneities in the matter
distribution during recombination very well, as matter and radiation were tightly coupled
right up until recombination. Observing the matter distribution today is not as straight
forward though. We expect most of the matter of the Universe to be in the form of CDM
which is not directly observable and it is only the subdominant baryonic matter that we
can observe directly.
An indirect probe of the local matter distribution is to consider the effect it has on
the images of distant galaxies that we observe. Weak lensing refers to the shearing of
images by the gravitational field of matter along the line of sight, see [11] for a review.
By analysing the apparent shape of a large number of galaxies we can build up a three di-
mensional matter distribution around us. This is called shear tomography and provides us
with the matter power spectrum at each redshift slice, which can be used to constrain cos-
mological parameters [73]. Stringent constraints on DE are expected from this technique
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in future surveys, see e.g. [2]. In Sec. 3.5 we shall discuss one aspect of gravitational
lensing and its limitations in more detail. Additionally, we will discuss an alternative
probe of the expansion history of the Universe in Chapter 6.
The cosmological observations briefly described here all probe the energy budget of
the Universe. First of all we need to make one crucial assumption though and that is:
We need to assume a theory of gravity. In the following section we shall show how
assuming general relativity and a homogeneous and isotropic distribution of matter leads
to cosmological parameters that can be constrained through observations.
1.2 General relativity and exact solutions
The theory of general relativity (GR) describes the interaction between matter and space-
time thereby providing a theory of gravity. This interplay between space-time geometry
and energy is described by the Einstein field equations (EFE)
Gab = Tab − Λgab, (1.1)
whereGab is the Einstein tensor, providing information about the geometry of space-time,
Tab is the energy-momentum tensor, containing information about the energy content, gab
is the metric tensor of the space-time and Λ is the cosmological constant. We use units
here such that c = 8piG = 1.
The Einstein Tensor Gab is determined from the metric tensor gab in the following
way:
Gab = Rab − 1
2
gabR, (1.2)
where the Ricci scalar R is defined in terms of the Ricci tensor
R = Raa, (1.3)
and the Ricci tensor is defined in terms of the Riemann tensor
Rab = R
c
abc, (1.4)
which in turn can be written in terms of the Christoffel symbol as follows
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Rdabc = Γ
d
ac,b − Γdab,c + ΓdebΓeca − ΓdecΓeba, (1.5)
where (),a denotes a partial derivative with respect to the a-th coordinate. Finally, the
Christoffel symbol is defined in terms of the metric tensor as
Γabc =
1
2
gad (gcd,b + gbd,c − gcb,d) . (1.6)
Having specified the Einstein tensor on the left hand side of EFE we need to define
the energy momentum tensor Tab, which for a perfect fluid is given by
Tab = (ρ+ p)uaub + pgab, (1.7)
where ρ and p are the density and pressure of the fluid, respectively, and ua is the fluid
four-velocity. An equation of state needs to be specified in order to close the system of
equations resulting from the EFE. Here we assume
p = wρ, (1.8)
where w is a constant. Common values for w are w = 0 for dust, or in a cosmological
setting CDM, and w = 1/3 for radiation.
The energy momentum tensor obeys the conservation equation
T ab;b = 0, (1.9)
where a semicolon denotes a covariant derivative with respect to gab. Einstein designed
the Einstein tensor in such a way that its covariant derivative is zero, so that the conser-
vation equation, Eq. (1.9), is automatically satisfied as a consequence of the EFE and the
contracted Bianchi identities. This constraint allows a term like Λgab in the EFE as its
covariant derivative is zero, which Einstein included at a later stage of his work in an
attempt to explain the then believed static universe. Today this term is vital in explaining
the accelerated expansion of the Universe.
In general, the EFE are a set of ten coupled non-linear partial differential equations
and no way of analytically solving them for a general energy density distribution is
known, or at all technically feasible. To solve them we therefore need to assume a cer-
tain form of the metric or that the space-time has a certain symmetry. In cosmology it is
commonly assumed that the Universe is spatially homogeneous and isotropic. This gives
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rise to the Robertson-Walker metric, which can be written in the form
ds2 = −dt2 + a2(t)
[
dr2
1− kr2 + r
2
(
dθ2 + sin2 θdφ2
)]
, (1.10)
where k is a constant representing the curvature of space and a(t) is the scale factor that
obeys the Friedmann equations
H2 ≡
(
a˙
a
)2
=
1
3
ρ+
1
3
Λ− k
a2
, (1.11)
and
H˙ +H2 =
a¨
a
= −1
6
(ρ+ 3p) +
1
3
Λ, (1.12)
where H is the Hubble function and an overdot denotes differentiation with respect to
cosmic time t. Solutions to the Friedmann equations assuming the Robertson-Walker
metric are known as Friedmann-Lemaıˆtre-Robertson-Walker (FLRW) models. Neglect-
ing radiation, which is subdominant at late times, the ΛCDM models are the solutions to
the Friedmann equations for p = 0. From the first Friedmann equation we define Ωm, ΩΛ
and Ωk, the dimensionless functions representing the energy content of the Universe. We
divide Eq. (1.11) by H2 to obtain
1 =
ρ
3H2
+
Λ
3H2
− k
a2H2
≡ Ωm + ΩΛ + Ωk. (1.13)
These three densities are functions of cosmic time; however, when interpreting obser-
vations, we usually constrain the three parameters Ωm0, ΩΛ0 and Ωk0, which are those
functions evaluated today. In this thesis a strict distinction between the time dependent
density functions Ωi and the density parameters Ωi0 is made, which is not the case in
much of the literature.
The interpretation of cosmological observations is usually done once a theory of grav-
ity (GR) and a geometry of space time - the Robertson-Walker metric - is assumed, which
leads to the FLRW solution and the parameters defined above. The best current obser-
vational constraints on the energy density parameters defined in Eq. (1.13) are shown in
Fig. 1.1. This contour plot shows that current constrains favour a flat ΛCDM cosmology.
The FLRW metric is arguably one of the simplest solutions to GR, with each spatial
hypersurface having a maximum amount of symmetry. However, many more solution
to GR are known, some of astrophysical, some of cosmological interest and some more
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Figure 1.1: Constraints on the density parameters defined in Eq. (1.13) from a variety of
cosmological observations and their combination (central, small contours) from [126].
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abstract, see [122, 77] for thorough accounts of the subject. In Chapter 2 we shall dis-
cuss one particular class of solutions to GR in great detail, representing exact non-linear
perturbations of the ΛCDM model.
1.3 Cosmological perturbation theory
As mentioned above, finding analytic solutions to GR for general matter distributions
is not feasible and the number of exact solutions known is very limited. How can we
describe the formation of structure in the Universe from a GR standpoint then? The
answer comes from the observation that on very large scales (& 100 Mpc) the Universe
appears to be homogeneous, see [114, 83, 117] for different accounts. We therefore
assume that the large scale dynamics of the Universe are given by a homogeneous and
isotropic solution to GR – the FLRW solution – and that structure formation on large
scales can be described by perturbations around the FLRW metric. This treatment can,
for example, predict the distribution of inhomogeneities in the CMB to a very high degree
of precision.
First of all, let us discuss the metric approach to perturbation theory, where we start
from the metric of the perturbed space-time
gab = g˜ab + δgab, (1.14)
where g˜ab is the background metric and δgab is the perturbation. The most general per-
turbed FLRW metric is given by
ds2 = a2(η)
{−(1 + 2φ)dη2 + 2ωˆidηdxi + [(1− 2ψ)δij + χˆij] dxidxj} , (1.15)
where the perturbations can be classified into three different groups - scalar, vector and
tensor perturbations. From now on we use a flat background, k = 0, which is well
motivated by observations, see Fig. 1.1. Clearly φ and ψ are pure scalar perturbations,
whereas we can split [123]
ωˆi = ω,i − ωi, (1.16)
χˆij = Dijχ+ χi,j + χj,i + χij, (1.17)
where
Dij ≡ ∂i∂j − 1
3
∇2δij, (1.18)
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and ω and χ are scalar perturbations and a comma followed by i indicates the derivative
with respect to the coordinate xi. The vectors ωi and χi are purely solenoidal, which
means ωi,i = 0 and χi,i = 0. The tensor perturbation χij is transverse (divergence free)
and trace free, which means χij ,i = 0 and χii = 0. Therefore, the perturbed metric takes
the form
δgab = a
2(η)
(
−2φ ω,i − ωi
ω,j − ωj −2ψγij +Dijχ+ χi,j + χj,i + χij
)
. (1.19)
The perturbation δgab has 10 independent components. Those are 4 from the scalar
perturbations, 4 from the vector perturbations (a general 3-vector has 3 independent
terms, but there is one scalar constraint on each of ωi and χi) and 2 from the tensor
perturbation (a symmetric 3-tensor would normally have 6 independent components, but
there is one scalar and one vector constraint on χij). This adds up to a total of 10 inde-
pendent fields in the metric perturbation.
We can make the first order coordinate transformation or gauge transformation
η˜ = η + ξ0,
x˜i = xi + ξ,i + ξ¯i, (1.20)
where ξ0 = ξ0(η, xi) and ξ = ξ(η, xi) are scalar quantities and ξ¯i = ξ¯i(η, xi) is a
solenoidal three vector. Writing the line element in the new coordinates, (η˜, x˜i) results
in a change in the metric perturbations and we can write the transformations of the scalar
perturbations as
φ˜ = φ−Hξ0 − ξ0′, (1.21)
ω˜ = ω + ξ0 − ξ′, (1.22)
ψ˜ = ψ +Hξ0, (1.23)
χ˜ = χ− ξ, (1.24)
where H = a′/a and a prime denotes a derivative with respect to conformal time η.
Furthermore, we can define the fluctuation in the energy density δρ = ρ − ρ¯ which
transforms at first order as
δ˜ρ = δρ+ ρ¯′ξ0. (1.25)
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The vector metric perturbations change as
χ˜i = χi − ξ¯i, (1.26)
ω˜i = ωi + ξ¯
′
i, (1.27)
and the pure tensor part χij remains unaffected. We define the peculiar four-velocity as
va = ua − u¯a, (1.28)
where u¯a = (1/a, 0, 0, 0) and va has the transformation properties
v˜0 = v0 −Hξ0 − ξ0′, (1.29)
and
v˜i = vi − ξ′,i + ξ¯′i. (1.30)
These gauge transformations give motivation for the names of gauges such as the
uniform density gauge, where we make a gauge transformation such that δ˜ρ = 0 in Eq.
(1.25). In the comoving gauge one chooses coordinates such that the three-velocity of a
given fluid vanishes, v˜i = 0. In the synchronous gauge coordinates are chosen such that
the proper time for observers at fixed spatial coordinates coincides with the cosmic time
in the FLRW background, i.e. ˜ˆωi = 0 and φ˜ = 0. In Chapter 5 we shall be using the
synchronous-comoving gauge, where coordinates are chosen to be both synchronous and
comoving.
We have found that scalar and vector perturbations are gauge dependent and take on
different forms in different gauges, see [82] for a review. This gauge freedom needs to
be fixed somehow to extract physically meaningful quantities. Using the 2 scalar and 2
vector gauge transformations, Eq. (1.20), we can eliminate 2 scalar and 2 vector degrees
of freedom by choosing a specific gauge. An alternative method is to construct variables
which are gauge independent, i.e. independent of the gauge transformation in Eq. (1.20),
by combining gauge dependent variables in certain ways as first introduced by Bardeen
[8]. In general one can construct gauge invariant physical quantities through the Stewart
and Walker lemma [124], i.e. by requiring that their background value vanishes. An ex-
tension to second order of this lemma and of the gauge transformations Eq. (1.20) – Eq.
(1.27) has been derived in [25].
Based on the Steward and Walker lemma, another way of doing cosmological pertur-
bation theory is the 1+3 covariant approach in which one does not start from the metric
but instead uses kinematic quantities, the energy momentum tensor and the Weyl tensor.
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One splits the space-time locally around a class of observers that are comoving with the
fluid and have a time-like four-velocity vector field
ua =
dxa
dτ
, (1.31)
where τ is the observers proper time and uaua = −1. This vector field determines the
local time direction whereas the projection tensor hab, defined as
hab = gab + uaub, (1.32)
projects quantities orthogonally to the time like vector into the local rest space. If the
fluid flow is irrotational, the tensor hab is the three-metric of the spatial hypersurface and
the four-velocity is hypersurface orthogonal. The kinematical quantities can be found by
decomposing the covariant derivative of the four-velocity as follows
ua;b = ωab +
1
3
habΘ + σab − aaub, (1.33)
where ωab is the vorticity, Θ the expansion scalar, σab the shear and aa the four-acceleration.
Using suitable contractions one can thus write
ωab = ha
chb
du[c;d], (1.34)
Θ = ua;a, (1.35)
and
σab = ha
chb
du(c;d). (1.36)
From the Ricci and Bianchi identities we can derive differential equations for these kine-
matical quantities, the energy content and the electric and magnetic parts of the Weyl
tensor. This approach was first introduced by Hawking [72] and extended to density per-
turbations by Ellis and Bruni [56], for reviews on this approach see [55, 58, 135]. As in
the metric approach we are interested in studying the dynamics of the deviations from
homogeneity which is usually done at perturbative order around a FLRW solution. At
first order we can invoke the Stewart and Walker lemma [124] and construct gauge in-
variant quantities by requiring that their background values vanish. One quantity we can
construct in such a way is
Da = a
ρ
∇aρ, (1.37)
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from which we find the linear scalar density perturbation
∆ ≡ a∇aDa = a
2
ρ
∇2ρ, (1.38)
which, for an irrotational fluid with equation of state p = wρ, satisfies the differential
equation [24]
∆′′ +
3
2a
(1− 3w)∆′ + 3
2a2
(3w2 − 2w − 1)∆− w∇
2∆
H20 Ω0
a1+3w = 0, (1.39)
where the differentiation is with respect to the scale factor a. The scalar density pertur-
bation ∆ is gauge invariant and reduces to the density perturbation δ that is derived in
the metric approach in the comoving gauge. It is identical to the gauge-invariant variable
∆k derived, in Fourier space and within the metric perturbation approach, by Bardeen [8]
and Kodama-Sasaki [75]. In essence, the evolution of this variables shows us how small
density perturbations in the early Universe start to grow into cosmic structure, depending
on the equation of state parameter w of the energy content of the Universe. In Chapter 2
and Chapter 4 we shall show how this linear growth of structure can be extended into the
non-linear regime with the aid of exact solutions.
1.4 Non-linearities in cosmology
In this thesis we mainly investigate the non-linear properties of GR. We derive an exact
solution to GR with non-linear density fluctuations, Chapter 2, and discuss the propaga-
tion of light through this space time, Chapter 3. We analyse the expansion properties of
an inhomogeneous space-time to investigate whether non-linear dynamics can cause un-
foreseen dynamical effects, Chapter 4 and we analyse the evolution of non-Gaussianities
in the distribution of dark matter in the Universe, Chapter 5. In this section we shall show
how non-linearities play a role in those settings.
1.4.1 Intrinsic non-linearity of GR
The EFE are shown in Eq. (1.1) and their dependence on the metric in Eq. (1.2) – Eq.
(1.6). Clearly the definitions of the Christoffel symbol and the Riemann tensor contain
partial derivatives and the Riemann tensor is non-linear in the Christoffel symbol. This
shows that the EFE are in general non-linear partial differential equations. Of course this
is a very generic statement and the form at the EFE depends on the form of the metric
used.
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The differential equation for the general expansion scalar Θ = ua;a, found from
the contraction of the fluid four-velocity with its covariant derivative, is given by the
Raychaudhuri equation,
Θ˙ +
1
3
Θ2 + 2σ2 +
1
2
(ρ+ 3p)− Λ = 0, (1.40)
where σ is the shear of the time like congruence generated by the fluid four-velocity ua.
Clearly this differential equation is non-linear and therefore finding the evolution of the
expansion scalar Θ or its spatial average 〈Θ〉 give different answers. This can be seen if
we average every term in Eq. (1.40). Since the term 〈f〉2 6= 〈f 2〉, the differential equation
for the average and the non-averaged quantity will be different. This gives a first idea of
the averaging problem in cosmology, that taking spatial averages and evolving in time do
not commute, see [104, 32] for reviews on this topic.
In ΛCDM cosmology we make the assumption of homogeneity and isotropy which
implies that σ = 0 such that the general Raychaudhuri equations, Eq. (1.40), reduces to
the second Friedmann equation, Eq. (1.12).
1.4.2 Perturbative expansion
We know that a FLRW cosmology is only a very crude approximation of the Universe
since, as we discussed earlier, we observe inhomogeneities on all scales below approxi-
mately 100 Mpc. To this end, we have discussed cosmic perturbation theory in Sec. 1.3.
In perturbation theory we study deviations from homogeneity order by order, e.g. we
write the density deviation as
δ =
∞∑
n=1
δ(n)
n!
= δ(1) +
1
2
δ(2) + ..., (1.41)
where δ(n) is a perturbation of n-th order. This procedure is the same for all perturbative
quantities, i.e. all quantities introduced in Sec. 1.3.
Only considering deviations to first order immediately implies that all differential
equations will be linear in the perturbative variables by construction. Analysing the be-
haviour of these variables provides great insight into, for example, the growth of struc-
ture. However, first order deviations will always source second order deviations, which
can be analysed by expanding all differential equations to second perturbative order. This
will result in non-linear corrections to linear deviations, which become of increasing im-
portance as we approach the limit in which the perturbative expansion breaks down.
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Even when δ  1 the dynamics of second order variables can provide vital informa-
tion such as GR induced non-Gaussianity. How this is done will be discussed in detail in
Chapter 5.
1.4.3 Propagation of light and the Newman-Penrose formalism
Cosmic structure is linear on very large scales but on smaller scales such as galaxies,
groups of galaxies and clusters, the density profile is highly non-linear. Observations of
galaxies are commonly done up to a redshifts of z = O(1), see e.g. [53]. This means that
the light we receive from these galaxies has traced out a great part of the observable Uni-
verse and arguably much of its non-linear structure. It is therefore a non-trivial question
whether the properties of the light we receive are as if it propagated through a universe
with average density.
In order to investigate the properties of light as it propagates through an inhomoge-
neous space-time, we will need to use the Sachs optical equations [110]. We will give
them here in the Newman-Penrose formalism. First of all, let us introduce the Newman-
Penrose formalism as we will make use of it in Chapter 2 and Chapter 3 as well. We shall
be using the notation of Chandrasekhar [35].
The Newman-Penrose formalism is a tetrad formalism where quantities are con-
structed using a special tetrad of null vectors. The reason for not using a orthonormal
basis in the Newman-Penrose formalism is that a null tetrad uses the light cone structure
of space-time. Through using this structure of space-time the Newman-Penrose formal-
ism is very effective at giving insights into the inherent symmetries of space-times. The
null vectors l, n, m and m¯ are used, where l and n are real and m and m¯ are complex
and each others complex conjugate. They are orthogonal
l ·m = l · m¯ = n ·m = n · m¯ = 0, (1.42)
null
l · l = n · n = m ·m = m¯ · m¯ = 0, (1.43)
and normalised as
m · m¯ = −l · n = 1. (1.44)
This tetrad can be used to transform all the information contained in the Riemann tensor
into scalar quantities. As an example of a possible null tetrad in Minkowski space-time,
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we could choose
ma =
1√
2
(0, 1,−i, 0), (1.45a)
la =
1√
2
(−1, 0, 0,−1), (1.45b)
na =
1√
2
(−1, 0, 0, 1), (1.45c)
and of course m¯a is just the complex conjugate of ma. These satisfy the above defined
restrictions on the tetrad and illustrate the lightcone nature of the complex null tetrad.
Now that we have an idea of the form that the null tetrad could take, let us proceed by
using the general form of the null tetrad.
First of all, the Riemann tensor can be split into the Weyl tensor Cabcd and the Ricci
tensor Rab as
Rabcd = Cabcd +
1
2
(gacRbd + gbdRac − gadRbc − gbcRad)− R
6
(gacgbd − gadgbc) . (1.46)
The Weyl tensor can be projected onto the basis vectors and hence we can extract the
ten independent scalar components of the Weyl tensor in terms of the five complex Weyl
scalars, defined as follows
Ψ0 ≡ −Cabcdlamblcmd,
Ψ1 ≡ −Cabcdlanblcmd,
Ψ2 ≡ −Cabcdlambm¯cnd,
Ψ3 ≡ −Cabcdlanbm¯cnd,
Ψ4 ≡ −Cabcdnam¯bncm¯d. (1.47)
The Ricci tensor is fully specified by the four real scalars
φ00 ≡ −1
2
Rabl
alb,
φ11 ≡ −1
4
Rab
(
lanb +mam¯b
)
,
φ22 ≡ −1
2
Rabn
anb,
Λ¯ ≡ R
24
, (1.48)
CHAPTER 1. MODERN COSMOLOGY 18
and the three complex scalars
φ01 ≡ −1
2
Rabl
amb,
φ02 ≡ −1
2
Rabm
amb,
φ12 ≡ −1
2
Rabm¯
anb, (1.49)
where R here is the Ricci scalar defined in Eq. (1.3). In order to use this formalism,
one needs to be able to rotate the complex null tetrad, which induces changes in both the
Weyl and Ricci scalars. There are three allowed rotations, type I which leaves the vector
l unchanged, type II which leaves the vector n unchanged and type III which rescales
the vectors l and n and rotates the vectors m and m¯ by an angle θ. The definition of the
rotations are, by type,
I : l → l,m→m + al, m¯→ m¯ + a∗l,n→ n + a∗m + am¯ + aa∗l,
II : n → n,m→m + bn, m¯→ m¯ + b∗n, l→ lb∗m + bm¯ + bb∗n,
III : l → A−1l,n→ An,m→ eiθm, m¯→ e−iθm¯, (1.50)
where a and b are complex scalar functions and A and θ are real valued scalar functions.
Each of these three rotations has a different effect on the Weyl and Ricci scalars,
for the exact transformations see [35]. These transformations are crucial to our use of
the Newman-Penrose formalism for two reasons. For the purpose of light tracing, one
of the null vectors, la needs to be the tangent vector to the light rays. To be able to
perform light tracing in different spatial directions we hence need to be able to rotate
the tetrad. Rotations for this purpose are used in Chapter 3, with the details given in
Appendix C. To analyse space-times with the Weyl scalars one can use the Petrov types
which classify the algebraic properties of the Weyl tensor. One classifies a space-time
according to the degeneracy of the eigenvectors of the Weyl tensor or according to which
Weyl scalars remain non-zero after performing rotations, for details on this see [122]. We
shall be using this Petrov classification in Chapter 2 to analyse the space-time derived
there. In general there are six Petrov types, type I, D, II, III, N and O, which correspond
to different degeneracies in the principle null directions of the Weyl tensor. Type I has
four distinct null directions; type D has two double degenerate null directions; type II
has one double degenerate null direction and two distinct null directions; type III has one
triple degenerate null direction and one distinct null direction; type N has a quadruple
degenerate null direction; type O has no null directions. Petrov types D and O one can
define through the Weyl scalars as
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D : Ψ0 = Ψ1 = Ψ3 = Ψ4 = 0,
O : Ψ0 = Ψ1 = Ψ2 = Ψ3 = Ψ4 = 0. (1.51)
In general all space-times that are spherically symmetric are either Petrov type D or O.
Schwarzschild, Kerr and Lemaitre-Tolman-Bondi are type D, whereas FLRW is type
O. A generally perturbed space-time is of Petrov type I, space-times of Petrov type N
correspond to planar waves and space-times of Petrov types II and III are more abstract
and geometrically special.
Returning to the issue of light tracing, we shall now use the Newman-Penrose for-
malism to write down the evolution equation of the light properties. We use the angular
diameter distance dA, a distance measure observationally defined as the ratio of an ob-
jects size to its angular size when viewed from earth, and the shear σ of a light bundle,
defined as
|σ|2 = 1
2
(
la;bl
a;b + lb;al
a;b
)− 1
4
(la;a) , (1.52)
where the tangent vector to the null geodesic la is defined in Eq. (1.56). The angular di-
ameter distance and shear obey the Sachs optical equations [110], given in the Newman-
Penrose formalism as
d′′A = (φ00 − |σ|2)dA, (1.53)
σ′ + 2
d′A
dA
σ = Ψ0, (1.54)
where a prime denotes a derivative with respect to an affine parameter λ related to cosmic
time t through
d
dλ
= (1 + z)
d
dt
. (1.55)
In this instance we construct the orthonormal tetrad by choosing la to be the affinely
parametrised tangent vector to the null geodesic defined as
la =
dxa
dλ
, (1.56)
and ma is constructed using the constrains given above. The Ricci scalar φ00 represents
the local curvature and is thus important in continuous matter distributions, as in Chap-
ter 3, and in constructions that are close to FLRW. The Weyl scalar Ψ0 on the other hand
reflects the non-local curvature and can be non-zero in vacuum as for example in the
lattice construction in [37].
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The angular diameter distance dA is related to the luminosity distance through Ether-
ington’s theorem [59] which is a geometrical relation and states that
dL = (1 + z
IN)2dA, (1.57)
where zIN is the redshift in a general, inhomogeneous universe. This shows that the
luminosity distance – redshift relation that is needed to interpret Sn1a observations is
dependent on the angular diameter distance – redshift relation.
Clearly the Sachs equations are highly non-linear; however, observations are com-
monly interpreted by assuming a FLRW solution which greatly simplifies this system.
Above we argued though, that light rays would trace out large amounts of possibly non-
linear structure. Following this motivation we shall investigate in Chapter 3 whether
non-linear structure would result in a different angular diameter distance – redshift rela-
tion than the commonly assumed FLRW one by using the non-linear solution derived in
Chapter 2.
The study of weak lensing heavily relies on expanding the above system to first per-
turbative order around a FLRW solution, see [11] for a review. In Sec. 3.5 we shall inves-
tigate in which circumstances this is a good approximation by comparing weak lensing
with exact solutions to GR.
Chapter 2
A class of exact inhomogeneous
solutions to general relativity
21
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2.1 Introduction
As mentioned in Sec. 1.4.3, the equations governing the propagation of light are non-
linear. This implies that assuming light rays propagate through an inhomogeneous uni-
verse in the same way as through a perfectly homogeneous universe can be problematic
as averaging the density, or averaging the result of the light tracing, does not need to give
the same result. Corrections to the distance – redshift relation arising from approximat-
ing our universe to be homogeneous and isotropic might significantly affect the analysis
of large volume galaxy surveys and hence precision cosmology.
Given these arguments, the effect of matter inhomogeneities on observations, or more
precisely, the distance – redshift relation needs to be well understood in order to be able
to confidently enter the age of precision cosmology. Many different analyses of this
problem have been performed, by considering perturbations around a FLRW solution
[48, 49, 50, 115, 65, 103, 7, 21, 105], using generalised Swiss-Cheese models or alter-
native geometries [22, 85, 23, 14, 38, 18, 132, 97] and using approximate solutions [37].
All these models are insightful but do have limitations; perturbative studies cannot inves-
tigate non-linear structure, Swiss-cheese type solutions often require large amounts of
symmetry and approximate solutions can be difficult to interpret as error introduced by
the approximations can be hard to track.
To further study the effects of inhomogeneities on observations, it is of great interest
to consider simple models where non-linearities and inhomogeneities are fully taken into
account while, at the same time, a FLRW background can be clearly identified. In this
Chapter we consider an exact solution of GR where, starting from standard small per-
turbations of a FLRW universe, the matter distribution is continuous and can evolve to a
highly non-linear stage. In the process, the inhomogeneities can either form a distribu-
tion of large voids or over-densities, or a mixture of the two, with over-densities possibly
even forming pancakes as in the Zel’dovich approximation in Newtonian cosmology.
We do not necessarily expect that considering observational effects of non-linear in-
homogeneities can eliminate – entirely or in part – the need for dark energy. On the
contrary, the study of the non-linear growth of perturbations and the effects they may
have on observations is a topic of the greatest interest in the context of ΛCDM cosmol-
ogy. Therefore we include a cosmological constant Λ in our models. The exact solutions
we are considering are a generalization with Λ of the pure dust models of Szekeres [130]
and are per se not new, as they were first found by Barrow and Stein-Schabes [10]. How-
ever, what is new is the form in which we present this solution, which allows for a clear
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distinction between inhomogeneities and the FLRW background. In doing this, we gen-
eralise to the Λ 6= 0 case the work by Goode and Wainwright [70], focusing on the
particular subclass of solutions that admit a flat FLRW background. Through the split
between FLRW background and inhomogeneities, we achieve many new results.
In order to avoid any confusion with approximate solutions, in this chapter we refer
to deviations (from the background) rather than perturbations, even in the case of stan-
dard variables such as the dimensionless density inhomogeneity δ = (ρ− ρ¯)/ρ¯, where ρ
and ρ¯ respectively indicate the density in the inhomogeneous universe and in the FLRW
background.
The layout of this chapter is as follows. In Sec. 2.2 we present a summary of our
analysis of Einstein’s field equations (EFE); full details are given in Appendix A. We give
a physical interpretation to our models in Sec. 2.3.1, looking at what kind of non-linear
density distributions are possible. In Sec. 2.3.2 we present an analysis of the singularities.
The space-time is analysed using the Petrov classification scheme in Sec. 2.3.3 and in
Sec. 2.3.4 we demonstrate how the continuity equation directly implies the form of the
density and density deviation in our model. In Sec. 2.4 we demonstrate how we can obtain
axial symmetry in our model, depending on how we choose the free functions. In Sec.
2.5 we analyse the analogy between our exact solutions and cosmological perturbation
theory. In Sec. 2.6 we consider the dynamical system associated with a set of covariant
variables. First, in Sec. 2.6.1, we relate the covariant variables with the metric functions.
Then, in Sec. 2.6.2, we show how the dynamical system for the covariant variables can be
reduced to only two ordinary differential equations (ODEs), and we present a phase plane
analysis. In Appendix A we present the details on solving the Einstein Field equations.
The dimensions of all the variables and parameters are given in Appendix B.
2.2 Solving the EFE
2.2.1 Setup
In this chapter we shall consider the second class Szekeres-type metrics [130], in the
form that Goode and Wainwright [70] introduced
ds2 = −dt2 + S2 [e2α(x) (dx2 + dy2)+ Z2dz2] , (2.1)
where S = S(t), Z = Z(x, t) and x represents all three spatial coordinates. We will
generalise their analysis, including a cosmological constant Λ in Einstein’s equations
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[10]:
Gab = Tab − Λgab. (2.2)
The matter content, a pressureless dust component, represents CDM. Fluid elements
move along geodesics and, in the synchronous coordinates in the metric, Eq. (2.1), these
geodesic flow lines are orthogonal to the cosmic time t hyper-surfaces, with four-velocity
ua = [1, 0, 0, 0]. (2.3)
The coordinates in Eq. (2.1) are therefore also comoving and the fluid flow is irrotational.
The energy-momentum tensor Tab only has one non-zero component, which is
T 00 = ρ, (2.4)
where ρ is the energy-density of the dust. It follows directly from the conservation equa-
tion T ab;b = 0 (see Appendix 2.3.4) that in general for this metric
ρ =
M(x)
S3Z
, (2.5)
where for now M is a general function of space, which will be restricted by the EFE later
on.
It should already be clear that S = S(t) in the metric in Eq. (2.1) acquires the role
of a FLRW scale factor. In any case, a simple interpretation of the metric, Eq. (2.1),
is immediately obtained if we consider the generalization of the Hubble expansion law
[55, 57]. Consider two fundamental comoving observers moving with four-velocity ua
and connected, at any given time t, by a vector Xa (thus orthogonal to ua). For the
components of Xa we find
X˙x,y = HXx,y, (2.6a)
X˙z =
(
H +
Z˙
Z
)
Xz, (2.6b)
where H = S˙/S. Hence we deduce that the Hubble law along the x- and y-axis is
unmodified, i.e. the same as that of a FLRW background, whereas along the z-axis it
is changed by the inhomogeneities encoded in Z. As we shall see in Section 2.6, θ =
Z˙/Z is precisely the deviation of the expansion (scalar) from that of the background, H .
Thus in our synchronous comoving representation, which is the relativistic analogue of
a Newtonian Lagrangian description, fluid elements occupy a fixed coordinate position,
but the physical distance between any pair of them along the z-axis is modified by Z. As
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we shall see, this may even lead to pancakes, when Z → 0, in analogy of the Zel’dovich
pancakes of the Newtonian-Lagrangian description.
2.2.2 Summary of the calculations
The details of our analysis of the EFE for the metric in Eq. (2.1) are given in Appendix A.
From this analysis, we obtain the following equation for the dimensionless scale factor
S(t): (
S˙
S
)2
=
1
3
ρ¯+
1
3
Λ +
K
S2
, (2.7)
where an overdot denotes differentiation with respect to cosmic time t. We identify this as
the Friedmann constraint equation for ΛCDM, where we have defined the homogeneous
energy-density
ρ¯ =
ρ¯0
S3
; (2.8)
ρ¯0 and S0 = 1 are the values of ρ¯ and S today. The curvature constant K has dimensions
and is either vanishing, positive or negative for a flat, closed or open universe respectively
(see e.g. [57]); it is linked to the metric through the relation
eα =
1
1 + 1
4
K(x2 + y2)
. (2.9)
The function Z in the line element in Eq. (2.1) can be split as
Z(x, t) = F (z, t) + A(x), (2.10)
where A can be written in the form1
A(x) = a(z) + b(z)x+ c(z)y + d(z)(x2 + y2), (2.11)
and F obeys the following linear homogeneous ODE
F¨ + 2
S˙
S
F˙ − ρ¯
2
F = 0. (2.12)
This equation is well known: as it was noted in [70], it is indeed the equation satisfied by
the first-order density perturbation in a dust (CDM with or without Λ) FLRW universe
1Note that this expression forAwill not be used in following Sections, since it contains gauge functions,
which will be fixed in Sec. 2.2.3.
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(see for instance [99]). Less well known is that this equation admits a first integral (see
Appendix A for a derivation)
S˙
S
F˙ +
ρ¯
2
F − 2d
S2
= 0, (2.13)
where, through the field equations, the conserved quantity turns out to be the curvature
variable d, appearing inA, Eq. (2.11). Clearly Eq. (2.12) admits two linearly independent
solutions:
F (z, t) = β+(z)f+(t) + β−(z)f−(t), (2.14)
where f+(t) represents the so called growing mode and f−(t) the decaying mode. Al-
ternatively, f−(t) is the solution to the homogeneous part of Eq. (2.13) and f+(t) is the
particular solution. We will explore in more detail the significance of the functions S,
f+, f− and the conserved quantity d in the following sections.
2.2.3 Solving for the metric functions
We focus our attention on the K = 0 case (i.e. a flat background) and therefore, the
metric can be written in the form
ds2 = −dt2 + S(t)2 [dx2 + dy2 + Z(x, t)2dz2] . (2.15)
Using Eq. (2.8), Eq. (2.7) for the K = 0 case gives
S˙2 =
ρ¯0
3S
+
Λ
3
S2, (2.16)
which enables us to embed our space-time in a FLRW background through the scale fac-
tor S(t). Therefore the metric in Eq. (2.15) can be seen as describing an exact inhomo-
geneity, specified by Z, in the ΛCDM background described by S(t) and parametrised
by Ωm0 = ρ¯0/(3H20 ) and ΩΛ0 = Λ/(3H
2
0 ), where H0 is the Hubble parameter and
Ωm0 = 1− ΩΛ0. Solving Eq. (2.16) then gives
S(t) =
(
1− ΩΛ0
ΩΛ0
)1/3
sinh2/3
(
3
2
H0
√
ΩΛ0t
)
, (2.17)
where we have set to zero an integration constant which would only shift the time of the
initial singularity. With this, the age of the Universe today is
t0 =
2H−10
3
√
ΩΛ0
arcoth
(
Ω
−1/2
Λ0
)
; (2.18)
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it is easy to check that inserting this expression into Eq. (2.17) yields S(0) = S0 = 1, as
it should. Now, defining the dimensionless variable τ =
√
3Λ
4
t, the differential equation
in Eq. (2.12) for F simplifies to
F ′′ +
4
3
coth(τ)F ′ − 2
3
1
sinh2(τ)
F = 0, (2.19)
where a dash denotes the derivative with respect to τ . The two linearly independent
solutions are
f− =
cosh(τ)
sinh(τ)
, (2.20a)
f+ =
cosh(τ)
sinh(τ)
∫
sinh2/3(τ)
cosh2(τ)
dτ . (2.20b)
The function S(t) in Eq. (2.17) is the scale factor of the ΛCDM background model.
The differential equation in Eq. (2.19), obeyed by F , is exactly the one obeyed by the
first-order density perturbation in this background (for an in depth discussion, see e.g.
[99]). The two independent solutions for F are shown in Fig. 2.1.
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Figure 2.1: Plots of the growing (left panel) and decaying (right panel) modes of the
solution for F , as derived from Eq. (2.12). The solutions plotted here are given in Eqs.
(2.20a) and (2.20b).
It should be noted that the same formalism applies in the Λ = 0 case [70], where
the FLRW background is an Einstein-de-Sitter model. The main difference is that the
growing mode f+ grows linearly with the scale factor S for Λ = 0, whereas in our case
(see left panel in Fig. 2.1), f+ asymptotically approaches a constant value.
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Now, we would like to remove some residual arbitrariness in the free functions of
z appearing in Z (a, b, c, d, β+ and β−). First, Eq. (2.13) can be used to express the
conserved curvature d as a function of F and S:
d =
SS˙
2
F˙ +
ρ¯0
4S
F. (2.21)
Then, one can substitute the general solution for F , which has been computed earlier.
After some algebra one finds
d(z) = Bβ+(z), (2.22)
where β+(z) is defined as the constant multiplying the growing mode in Eq. (2.14) and
we have defined
B =
1
4
(
ρ¯20Λ
)1/3
=
3
4
H20
[
ΩΛ0(1− ΩΛ0)2
]1/3
, (2.23)
as the constant which gives dimensions of L−2 to d. This can be substituted into A to
obtain
A(x) = a(z) + b(z)x+ c(z)y +Bβ+(z)(x2 + y2). (2.24)
Hence there are still five free functions of z remaining in the line element (a, b, c, β+ and
β−). This freedom can be further reduced by one order by transforming the z-coordinate.
First of all, however, let us introduce two new functions γ and ω. With no loss of gener-
ality, we can write
b(z) = 2γ(z)Bβ+(z), (2.25a)
c(z) = 2ω(z)Bβ+(z). (2.25b)
Then, substituting these in Eq. (2.24) we find
A = a+Bβ+
[
(x+ γ)2+ (y + ω)2 − (γ2+ ω2)] . (2.26)
Now we have to make a transformation in the z coordinate and rescale β+ and β−. We
choose
z˜ =
∫ {
a(z)−Bβ+(z)
[
γ2(z) + ω2(z)
]}
dz, (2.27)
β˜+(z) =
β+(z)
a(z)−Bβ+(z) [γ2(z) + ω2(z)] , (2.28)
β˜−(z) =
β−(z)
a(z)−Bβ+(z) [γ2(z) + ω2(z)] . (2.29)
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With this coordinate transformation and rescaling of β+ and β−, we obtain the simplifi-
cation
A(x, y, z˜) = 1 +Bβ˜+(z˜)
{
[x+ γ(z˜)]2 + [y + ω(z˜)]2
}
, (2.30)
and
Z(t, x, y, z˜) = β˜+(z˜)f+(t) + β˜−(z˜)f−(t) + A˜(z˜). (2.31)
With these we can now drop all the tildes and write our metric in the final form
ds2 = −dt2+S2
[
dx2 + dy2 +
(
1 + β+f+ + β−f− +Bβ+
{
[x+ γ]2 + [y + ω]2
})2
dz2
]
.
(2.32)
We have thus reduced the freedom in the metric to four free functions (γ, ω, β+ and
β−). This expression also clarifies the meaning of the coordinate transformation we have
just performed: in essence we have completely fixed the gauge. Therefore, when β+ and
β− are equal to zero, which implies F = 0 and Z = 1, our metric exactly takes the
form of the background FLRW space-time. Given these arguments, we will henceforth
be using Eq. (2.30) as the expression for A(x, y, z).
2.3 Interpreting and classifying the solution
2.3.1 Visualization of simple solutions
In this section we would like to give some intuitive understanding of what kind of energy-
density distributions are possible in the developed space-time. We can see from Eqs.
(2.53) and (A.28) that
A(x) =
M(x)
ρ¯0
, (2.33)
therefore we can rewrite the expression in Eq. (2.5) for the density, eliminating the de-
pendence on M
ρ =
M
S3Z
=
ρ¯0A
S3(F + A)
. (2.34)
Defining as usual the dimensionless density deviation from the background density ρ¯ (Eq.
(2.8))
δ ≡ ρ− ρ¯
ρ¯
, (2.35)
we obtain
δ = − F
F + A
= −F
Z
. (2.36)
Using the decompositions of F and A derived earlier, we can write
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δ = − β+(z)f+(t) + β−(z)f−(t)
1 + β+(z)f+(t) + β−(z)f−(t) +Bβ+(z) {[x+ γ(z)]2 + [y + ω(z)]2} . (2.37)
In general, the density field in Eq. (2.37) can represent, at any given space point x,
either an over-density or an under-density, depending on the values of β+ and β−. How-
ever, for the case of over-densities, at any given time, there exist points where Eq. (2.37)
necessarily implies a pancake singularity. In essence, this is due to the vanishing of the
function Z in the denominator of Eqs. (2.36) – (2.37). We will discuss the existence and
properties of these singularities in more detail in the next section. However, it is impor-
tant to note here already that these pancake singularities are only due to the continuous
description of matter in our models, i.e. they are shell crossing singularities (see e.g. [77])
and are analogous to Zel’dovich pancakes in Newtonian gravity.
The structure of the density distribution in Eq. (2.37) is hard to visualise in the general
case γ 6= 0 and/or ω 6= 0. Purely for illustrative purposes, we now consider the restricted
case γ = ω = 0, which implies axial symmetry, see Sec. 2.4.
As a first example of the inhomogeneous density distribution in Eq. (2.37), we con-
sider in Fig. 2.2 a purely under-dense growing mode, β+ > 0, with β− = γ = ω = 0. In
this case there are no pancakes and the density field is regular everywhere. The function
β+ has been chosen to take the form β+ ∝ [1 − sin(kz)] for k = 1Mpc−1 and we are
plotting the density deviations at an arbitrary value of t. On this plot, one can see that the
center of inhomogeneities runs along the z-axis, which is due to the condition γ = ω = 0.
In general, this center can take any path around the z-axis, set by the two functions γ(z)
and ω(z).
A distribution of over- and under-densities (or pure over-densities) can be simulated,
if one only considers the space-time ”close” to the z-axis, in order to avoid pancakes. An
example of this is shown in Fig. 2.3. We will discuss this case in more detail in the next
section.
2.3.2 Classification of singularities
The cosmological model we are considering contains only irrotational dust. Singularities
in these space-times have been studied for a long time [51], see also [136]. Therefore, the
types of singularities we encounter in our model are well known, however it is essential
to understand if and when they occur.
Considering the fact that f+, f− ≥ 0, we can see from Eq. (2.37), that if β+(z) and
β−(z) assume some negative values, we have a singularity in δ if the denominator (Z)
goes to zero. This also causes a singularity in ρ. This issue has been considered in great
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Figure 2.2: The δ profile of an under-density at an arbitrary time t in a ΛCDM back-
ground. We assume a purely growing mode with β+ ∝ [1 − sin(kz)] for k = 1Mpc−1
and β− = γ = ω = 0. In this case the space-time is axially symmetric, so r is the
distance from the z-axis, r =
√
x2 + y2. All distances are comoving and given in Mpc.
Figure 2.3: The δ profile for a distribution of over- and under-densities at an arbitrary
time t in a ΛCDM background. We assume a purely growing mode with β+ ∝ sin(kz)
for k = 1Mpc−1 and β− = γ = ω = 0. As in Fig. 2.2, r is the distance from the
z-axis, r =
√
x2 + y2. The increasing behaviour of the over-densities away from the
z-axis is due to singularities located at a certain r∗, beyond the boundaries of the plot.
All distances are comoving and given in Mpc.
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detail for the case without a cosmological constant by Goode and Wainwright [69]. We
define our metric functions slightly differently, such that β+(z) and β−(z) have opposite
signs to the definitions in [69]. The analysis of the singularities for the case Λ 6= 0 gives
different results than for Λ = 0, which can be exploited to model inhomogeneities in a
physically meaningful way.
First of all, let us introduce some formalisms. We define the variables li through
ds2 = −dt2 +
3∑
α=1
l2i
(
dxi
)2
, (2.38)
where in our space-time we find that l1 = l2 = S and l3 = SZ. Using these variables,
one can classify singularities into three different types (see e.g. [136]):
1. a point-like singularity when all three li → 0 ,
2. a cigar or spindle singularity if two li → 0 and the other one diverges,
3. a pancake singularity if one li → 0 and the other two converge to a finite value,
as we approach the singularity. We remind the reader that we use synchronous comoving
coordinates, so that in the following “fixed space point” refers to these coordinates.
We find that the initial singularity at t = 0 can only be either a point-like singularity
or a cigar singularity depending only on β−: if β− 6= 0 we get a cigar singularity and if
β− = 0 we get a point-like singularity. In other words, if a decaying mode is present then
the initial singularity is velocity dominated (see [51], cf. also [30] and references therein)
and Kasner-like, while when we only have a growing mode, the initial singularity is
matter dominated and effectively isotropic: in approaching the singularity, the growing
mode decreases and our space-time becomes FLRW with a small perturbation.
As we argued earlier, there can also be singularities at some time t∗ > 0, where we
find divergences in the density field. We find that these singularities can only be pancake
singularities. They are are in fact velocity dominated singularities, see [70] for details
and correspond to gravitational collapse [131]. We present the singularities in Table 2.1
for the case of β− < 0 and in Table 2.2 for the case of β− ≥ 0.
To analyse the case β− < 0, we need a more in-depth understanding of the behaviour
of several functions. The two time dependent functions f− and f+ exhibit an asymptotic
behaviour for large values of t, as can be seen from Fig. 2.1. We find f− → 1 and
f+ → f∞+ as t → ∞, where f∞+ is a finite and positive number. This is significantly
different from the Λ = 0 case, where f+ does not asymptote to a finite value for large
t. Since f− and f+ have an asymptotic value, it follows that for every fixed space point
F and hence Z have a finite asymptotic value as well, see Eqs. (2.10) and (2.30) for the
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definition of Z. We therefore introduce the new parameter Z∞, which is the asymptotic
value of Z at a given space point. We would now like to deduce that Z always has a
maximum value for β− < 0 and β+ < 0. At early enough times, the decaying mode
f− dominates over f+ and so Z˙ ≈ β−f˙−, which is positive, since β− was assumed to be
negative and f− is a strictly decaying function. At late enough times, we can rearrange
Eq. (2.13) to give Z˙ ≈ 2Bβ+/(S˙S), which is negative, since B, S and S˙ are strictly
positive and we have assumed β+ to be negative. We therefore find that Z˙ changes sign,
from positive to negative and hence must have a maximum, which we call ZM . Analysing
the parameters ZM and Z∞ aids the distinction between different cases in Table 2.1.
β+ ZM Z∞ number of pancake singularities
< 0 = 0 < 0 1
< 0 < 0 < 0 0
< 0 > 0 ≥ 0 1
< 0 > 0 < 0 2
≥ 0 – < 0 0
≥ 0 – > 0 1
Table 2.1: Classification of singularities occurring at some finite time t∗ > 0 for β− < 0.
In the case of β− ≥ 0 we find a splitting between different cases, depending on a new
parameter. Since Z is positive initially (1 + β−f− being positive and dominating at early
times), we find that if Z∞ is positive, Z has no zeros and hence we find no pancakes.
This distinction between cases turns out to depend on the value of β+. Clearly, if β+
is positive (and hence Z is positive for all t), we only have under-densities and hence
no singularities. If β+ is negative, we find a critical value, which divides the cases of
singularities and no singularities. This value occurs when
Z∞ = 1 + |β−| − |β+|
{
f∞+ +B
[
(x+ γ)2+ (y + ω)2
]}
, (2.39)
vanishes. For a fixed space point (and hence given values of β−, x, γ, y and ω), we can
find this critical value |β∗+| to be
|β∗+| =
|β−|+ 1
f∞+ +B [(x+ γ)2 + (y + ω)2]
. (2.40)
This parameter is used in Table 2.2 to decide whether a given point in space will have a
future singularity.
The second case in Table 2.2, where β+ < 0 and |β+| < |β∗+|, is the most interesting
from a pragmatic point of view. Given a certain point in space, we can always find a value
|β∗+|, such that for |β+| < |β∗+| there will be no future singularity at this point. This is
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β+ number of pancake singularities
≥ 0 0
< 0, |β+| < |β∗+| 0
< 0, |β+| > |β∗+| 1
Table 2.2: Classification of singularities occurring at some finite time t∗ > 0 for β− ≥ 0.
distinctly different from the Λ = 0 case where this is not possible. In practice this means
that if we would like to model some density distribution on a certain space region without
resulting in a pancake, we need to find the maximum |β∗+| within this region, which will
restrict the maximum over-density we can model. ”Close” to the z-axis this restriction
(for β− = γ = ω) turns out to be fairly weak. For instance, using initial conditions
at recombination, we can start with initial values even greater than the measured power
spectrum amplitude [76] and have no future pancakes in a finite region around the z-axis.
2.3.3 Petrov classification
The Petrov classification is used to distinguish different types of space-time metrics by
analysing algebraic properties of the Weyl tensor (for a discussion of the Weyl scalars and
the Petrov classification, see [35, 122]). A main point to be noted is that these properties
are purely geometrical and unrelated to the theory of gravity considered. However, an
understanding of these properties helps the physical interpretation, especially in those
cases where the space-time can be seen as a non-linear perturbation of some background.
Such physical interpretation was given for instance by Szekeres in [129], and is based on
the so called Weyl scalars, defined in Eq. (1.47).
These five complex scalars represent, in four dimensions, the ten components of the
Weyl tensor. In essence, the Petrov classification of a certain space-time involves finding
the complex null tetrad such that the number of Weyl scalars reduce to a minimal set. If
one can find a tetrad such that the only non-vanishing Weyl scalar is Ψ2, then the space-
time is said to be Petrov type D. Well known examples are Schwarzschild and Kerr. A
space-time containing gravitational waves necessarily has non-zero Ψ0 and Ψ4, e.g. a
perturbed Kerr [134, 124, 35]. Therefore, a Petrov type D space-time does not contain
any gravitational radiation.
The general result that Szekeres space-times are Petrov type D is well known, see e.g.
[9, 122], therefore there are no gravitational waves. Naively, without the knowledge of
the Petrov type and its meaning, this is counter-intuitive: since we have time dependent
matter inhomogeneities, one would expect gravitational radiation to be present. Since
our metric, Eq. (2.15), has the Szekeres form, it must also be Petrov type D. We now
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want to show this explicitly, especially to analyse the FLRW limit of our model. For a
derivation of the complex null tetrad, see Section 2.6.1. Using this basis, we obtain that
the only non-zero Weyl scalar is2
Ψ2 = −1
6
(
S˙
S
Z˙
Z
+
Z¨
Z
+
Zxx
S2Z
)
. (2.41)
This expression is derived from the metric alone and so contains only geometric infor-
mation. In particular this shows that our space-time has a single independent Weyl com-
ponent. Using the EFE, we can now relate this expression to the matter content and we
find
Ψ2 =
M
6S3Z
− ρ¯0
6S3
=
1
6
ρ¯δ. (2.42)
In the case of under-densities, it follows from Eq. (2.37) that this expression goes to zero
for large x2 + y2 and large t. In the case of over-densities, at any given space point, Ψ2
will diverge when a pancake forms, except in the second case in Table 2.2, where there
is no pancake and Ψ2 → 0 for large t. However, in approaching the pancake at t∗ it turns
out that
Ψ2
Θ2
' −1
6
ρ¯0
S3
FZ
Z˙2
; (2.43)
see Eq. (2.72) below for a definition of Θ. At t∗ all quantities in this expression have a
finite value, while Z = 0; therefore this dimensionless measure of the Weyl curvature
vanishes at the pancake. A space-time with only a non-zero Ψ2 is Petrov type D and a
space-time with all Weyl scalars identically zero is type O, i.e. conformally flat. This
means that we have a type D space-time in general. For all cases without a pancake,
the space-time tends to a type O and FLRW space-time for large values of x2 + y2 or
large values of t. We notice from Eq. (2.42) that Ψ2 does not explicitly contain Λ. Since
Ψ2 is the only Weyl contribution to the geodesic deviation equation [94], this shows that
there is no direct contribution to lensing from the cosmological constant through the Weyl
curvature. The issue of a direct contribution from Λ to gravitational lensing has been the
subject of recent investigations, see e.g. [109] and references therein.
2.3.4 The continuity equation
Here we shall look at the continuity equation, at first with no assumptions on the theory
of gravity and the field equations, but assuming the line element, Eq. (2.1). First of all,
let us derive the general form of ρ. We must solve
ρ˙ = −Θρ, (2.44)
2Zxx represents the second derivative of Z with respect to the x coordinate, see Appendix A.
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where an expression for Θ in terms of metric functions is given in Eq. (2.72). Using this
expression, we modify this equation to find
ρ˙
ρ
= −(S
3Z)˙
S3Z
. (2.45)
Hence we can find the general solution for the density:
ρ =
M(x)
S3Z
, (2.46)
which is exactly the form stated in Eq. (2.5).
Given that S = S(t), we now assume that ρ can be written as
ρ = ρ¯(1 + δ), (2.47)
where ρ¯ = ρ¯(t) is assumed to be the homogeneous density of a FLRW space-time with
scale factor S(t). Under this assumption ρ¯ = ρ¯0S−3 and δ is the dimensionless density
deviation from the background ρ¯. Substituting this decomposition of ρ into the continuity
equation, Eq. (2.44), yields
˙¯ρ+ 3
S˙
S
ρ¯+ ρ¯
(
Z˙
Z
+
δ˙
1 + δ
)
= 0, (2.48)
where we identify ˙¯ρ = −3 S˙
S
ρ¯ as the background continuity equation. Subtracting this off
and rearranging, we obtain
− δ˙
1 + δ
=
Z˙
Z
. (2.49)
Integrating this equation we find
δ =
(1 + δi)Zi − Z
Z
, (2.50)
where δi and Zi are arbitrary initial values.
If we now assume the EFE, it follows that Z(t,x) = F (z, t) + A(x), see Eq. (A.3)
below, such that Zi = Fi + A. With this, we can substitute into Eq. (2.50) to obtain
δ = − F
F + A
, (2.51)
which is exactly the same form of δ as presented in Eq. (2.36). Note that in obtaining Eq.
(2.51), we have assumed
δi = − Fi
Fi + A
. (2.52)
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Knowing that F has a decaying mode f− = f−(t) and a growing mode f+ = f+(t) (see
Appendix A), with the latter such that f+(0) = 0, we have chosen the relation between
initial conditions Eq. (2.52) such that, in the case of a purely growing mode, δ(0) = 0.
Vice versa, assuming δ(0) = 0 implies Eq. (2.52).
Finally, with the choice in Eq. (2.52), it follows from Eq. (2.51), Eq. (2.46) and Eq.
(2.47) that
M = ρ¯0A, (2.53)
which we used in Eq. (2.34).
2.4 Symmetries
We would like to show here that for certain choices of the free functions of the metric,
we find axial symmetry. From the line element Eq. (2.15), we find the metric
gab =

−1 0 0 0
0 S(t)2 0 0
0 0 S(t)2 0
0 0 0 S(t)2Z(t, x, y, z)2
 . (2.54)
Clearly this metric is dependent on all 4 space-time variables. We can decomposeZ(t, x, y, z)
as
Z = 1 + F (z, t) +Bβ+
[
(x+ γ)2 + (y + ω)2
]
, (2.55)
where β+ = β+(z), γ = γ(z) and ω = ω(z). If we choose γ = ω = 0 (choosing γ = c1
and ω = c2 gives the same result) we find
Z(x, y, z) = 1 + F (z, t) +Bβ+(z)
(
x2 + y2
)
. (2.56)
By making the coordinate transformation
x = ρ sin(φ), y = ρ cos(φ), (2.57)
we can rewrite Z as
Z(ρ, z) = 1 + F (z, t) +Bβ+(z)ρ
2. (2.58)
CHAPTER 2. EXACT INHOMOGENEOUS SOLUTIONS 38
In the new coordinates (t, ρ, φ, z) we find
gab =

−1 0 0 0
0 S(t)2 0 0
0 0 S(t)2ρ2 0
0 0 0 S(t)2Z(t, ρ, z)2
 . (2.59)
The metric does not depend on φ, hence, for γ = ω = 0, the solution has an axial
symmetry about the z-axis.
2.5 Relation to perturbation theory
Cosmological perturbation theory concerns itself with the dynamics of small deviations
from a homogeneous FLRW background and the corresponding approximate treatment
of Einstein’s equations. In the covariant approach to perturbation theory [56], the variable
∆ is introduced to analyse the behaviour of density perturbations [24, 135], see Eq. (1.38)
for the definition.
The second order differential equation governing the evolution of ∆ for pressureless
dust is
∆¨ + 2
a˙
a
∆˙− 1
2
ρ¯∆ = 0, (2.60)
where a is the FLRW scale factor. This differential equation is the w = 0 case of Eq.
(1.39), here derivatives are in terms of cosmic time instead of the scale factor. In general,
the dynamical content of the second order equation in Eq. (2.60) can be re-expressed by
a system of two first-order equations, coupling ∆ to either C or Z , due to the constraint
C = −4a˙aZ + 2a2ρ∆, (2.61)
where Z and C represent the spatial variation of the expansion scalar Θ, see Eq. (2.72)
for its expansion, and the 3-Ricci scalar respectively [24]. Since we are considering
irrotational dust, the system for ∆ and C takes the form{
a˙
a
∆˙ + 1
2
ρ¯ ∆ = C
a2
,
C˙ = 0,
(2.62)
therefore, clearly, C is a quantity representing a conserved curvature perturbation, with
dimensions L−2.
For the metric developed in this chapter, we find the background expansion to be
given by S, which in the case of K = 0 in Eq. (2.7) has the same time dependence as
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the FLRW ΛCDM scale factor a. The other time dependent function F represents the
deviation from homogeneity. The second order differential equation which describes its
evolution is derived in Appendix A and given in Eq. (2.12). We now notice that this
is exactly the same equation as the one satisfied by ∆ in Eq. (2.60). The same tactic
of reducing the second order equation to a set of two first-order equations can then be
employed for this variable and we find{
S˙
S
F˙ + 1
2
ρ¯ F = 2Bβ+
S2
,
(2Bβ+)˙ = 0,
(2.63)
where B is the constant defined in Eq. (2.23). From a dynamical system perspective, it
is interesting to note that the first equations in the systems in Eq. (2.62) and Eq. (2.63)
are, respectively, first integrals of Eq. (2.60) and Eq. (2.12), with C and 2Bβ+ the corre-
sponding conserved quantities; see Appendix A for the explicit integration.
It is striking that the differential equations for ∆ and F take the same form once we
identify S with the FLRW scale factor a. We can make the analogy even more apparent
by considering the limit in which δ is small. From Eq. (2.36) we can solve for F in
general
F = − Aδ
δ + 1
, (2.64)
so that for small values of δ, F ≈ −Aδ. This can be substituted into the differential
equation for F to obtain {
S˙
S
δ˙ + 1
2
ρ¯ δ = Q
S2
,
Q˙ = 0,
(2.65)
i.e. the system in Eq. (2.62), where we have defined Q = −2Bβ+
A
. In the limit of small δ
we have thus retrieved the differential equations governing the growth of density pertur-
bations in cosmological perturbation theory, as one would expect. However, the strength
of our model is that Eqs. (2.12) or (2.63) can be used to evolve F into the non-linear
regime, with Eq. (2.36) giving the corresponding δ. Moreover, we have not only found
the analogy of the growth of perturbations to cosmological perturbation theory, but we
have also found a conserved quantity into the non-linear regime in our system - 2Bβ+.
The systems of differential equations admit a decaying solution only for a zero conserved
quantity, C and 2Bβ+ respectively for the linear and exact non-linear regimes. This
shows that the growing mode solution for F or δ corresponds to a particular solution to
the respective equations, generated by a non-zero conserved curvature inhomogeneity,
either the exact 2Bβ+ or the perturbation C, respectively.
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The relation to perturbation theory that we have derived here has a limited domain
of validity. For over-densities there always exist pancake singularities at some spatial
point. This implies that for over-densities only regions ‘close’ to the z-axis can initially
be described by perturbation theory, see Sec. 2.3.2 for details on this. For under-densities
there are no singularities and the space-time can initially be described as FLRW plus
perturbations globally.
Finally, using Eq. (2.20b) and Eq. (2.36) and neglecting the decaying mode, we can
write the exact non-linear growth factor for the density inhomogeneity in our model.
Defining D+ = δ/δi, we find
D+ =
zif+ {1− δ0i ziB [(x+ γ)2+ (y + ω)2]}
1− δ0i zi {f+ +B [(x+ γ)2 + (y + ω)2]}
, (2.66)
which, for ω = γ = x = y = 0, simplifies to
D+ =
δ
δ0i
=
zif+
1− δ0i zif+
, (2.67)
where zi is the redshift of the initial condition δi and B is defined in Eq. (2.23). We have
substituted the dependence on β+ for −δ0i zi, where δ0i is the initial density perturbation
along the z-axis. In our model we are only free to choose the distribution of δ along the
z-axis, with the distribution of the density along the x- and y-axis then being given by
the metric. This is easily understood by considering the fact that all free functions in the
metric are only function of the z-coordinate. The only function in the metric containing
x and y is A with its dependence being fixed (see Eq. (2.30)).
2.6 Covariant variables
2.6.1 Deriving the variables from the metric
We now consider the covariant fluid flow description of our space-times [55, 56, 58, 136,
135]. For the metric in Eq. (2.15) the magnetic part of the Weyl tensor Hab is known to
be zero [9] and our dust flow is irrotational, ωab = 0, therefore the only variables we need
to consider in this section are the expansion scalar, the shear tensor and the electric part
of the Weyl tensor. They are defined as, respectively,
Θ = ua;a, (2.68a)
σab = u(a;b) − 1
3
Θhab + u˙(aub), (2.68b)
Eab = Cacbdu
cud, (2.68c)
CHAPTER 2. EXACT INHOMOGENEOUS SOLUTIONS 41
where ua is the fluid 4 velocity
ua = [−1, 0, 0, 0], (2.69)
and we define
u˙a = ua;bu
b, (2.70)
hab = gab + uaub (2.71)
as the acceleration and projection tensor respectively and Cabcd is the Weyl tensor.
From the above definition and using the metric in Eq. (2.15), we find
Θ = 3
S˙
S
+
Z˙
Z
. (2.72)
To analyse the shear and Weyl tensors, we need some definitions. As expected [9], from
the metric we find that Hab = ωab = 0 and hence we are considering models in the
“silent universes” class [88], i.e. cosmological models where there is no communication
between fluid elements. The fact that Hab = ωab = 0 implies no communication be-
tween fluid element can be shown to be the case for dust by considering the differential
equations for the kinematical quantities, which observe a simplification into ODEs in
this subclass of models. Since the equations evolving ρ, Θ, σab and Eab are ODEs, each
fluid element evolves independently3. For an analysis of the dynamical systems for these
covariant variables in “silent models”, see [27] and [26], for the case with and without Λ,
respectively (see also [136]).
Exact solutions in the “silent universes” class include Bianchi I and Szekeres mod-
els, as proved in [9]. The “silent” approximation with Hab = ωab = 0 holds true for
first-order scalar perturbations [24] and at second order outside the horizon [87]. It also
corresponds, in the covariant description, to the so called long wavelength approxima-
tion in gravitational collapse (see [47] and references therein), with Hab only becoming
non-negligible in between different Kasner phases [30].
In “silent universes”, according to [9], σab and Eab have a common eigenframe. We
can thus expand them as
Eab =
3∑
i=1
Eieiaeib, σab =
3∑
i=1
σieiaeib. (2.73)
3Obviously, initial conditions have to satisfy spatial constraints, but here we are only concerned with
the local time evolution.
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The orthonormal tetrad eia can be found to be e1a = Sδ1a, e2a = Sδ
2
a and e3a = SZδ
3
a.
From this tetrad, we can now find the complex null tetrad required to compute the Weyl
scalars in Section 2.3.3. The procedure outlined in [121] has been followed and the
complex null tetrad we find is
ma = (0,
S√
2
,−i S√
2
, 0), (2.74a)
la = (− 1√
2
, 0, 0,−SZ√
2
), (2.74b)
na = (− 1√
2
, 0, 0,
SZ√
2
), (2.74c)
and m¯a is the complex conjugate of ma. Returning to the shear and electric part of the
Weyl tensor, they are trace free and so we write
3∑
i=1
Ei =
3∑
i=1
σi = 0. (2.75)
We can then define σ+ = 12(σ1 + σ2), σ− =
1
2
√
3
(σ1 − σ2) and E+ = 12(E1 + E2),
E− = 12√3(E1 − E2) as a convenient set of dynamical variables, which determine the
dynamics of the shear tensor and the electric part of the Weyl tensor completely. Using
these definitions, we find
σ+ = −1
3
Z˙
Z
, σ− = 0, (2.76)
and
E+ =
ρ¯0
6S3
− M
6S3Z
= −1
6
ρ¯δ, E− = 0, (2.77)
where in the last equation for E+ we also used the EFE. Comparing with Eq. (2.42) we
see that Ψ2 = −E+.
2.6.2 Phase plane analysis
The complete set of ODEs governing the dynamics of our models is given by
σ˙+ = −2
3
Θσ+ + σ
2
+ − E+, (2.78a)
E˙+ = −ΘE+ − 3σ+E+ − 1
2
ρσ+, (2.78b)
ρ˙ = −Θρ, (2.78c)
Θ˙ = −1
3
Θ2 − 6σ2+ −
1
2
ρ+ Λ. (2.78d)
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This system of ODEs is the subset, for σ− = E− = 0, of that considered in [26, 136] for
“silent models” with Λ.
As in the previous sections, our aim is to decouple the dynamics of the background
from that of the inhomogeneities. The problem is that the variables ρ and Θ incorporate
both a background and an inhomogeneous part. On the other hand, the shear and the
electric Weyl tensor vanish in a FLRW space-time; for this reason they are first-order
gauge-invariant variables [56, 68, 24] and here represent exact inhomogeneities. For Θ
and ρ we can write
Θ = Θ¯ + θ, (2.79)
ρ = ρ¯(1 + δ), (2.80)
where, using Eq. (2.72), we define
Θ¯ = 3
S˙
S
= 3H, (2.81)
and
θ =
Z˙
Z
, (2.82)
and from comparing with Eq. (2.76), we find θ = −3σ+.
Given expressions for Θ and σ+ from the line element, one can use Eqs. (2.78) to find
the evolution equations for S and Z. Also, in finding E+ there is an integration constant,
which corresponds to ρ0, yet here one finds this function to be space dependent in general.
However, we can find another expression for E+ from the differential equation for σ+.
We find
E+ =
2
3
S˙
S
Z˙
Z
+
1
3
Z¨
Z
. (2.83)
The aim here is to describe the full dynamics of our models with as few variables and
differential equations as possible. We will now need to split the covariant variables into
background and inhomogeneities. To analyse the system, we start from the Friedmann
equations for a flat universe; this will eventually reduce our system by one order. We
start from
H˙ +H2 +
1
6
ρ¯− 1
3
Λ = 0, (2.84a)
H2 =
1
3
ρ¯+
1
3
Λ. (2.84b)
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Combining the two equations, one finds the continuity equation for the background (see
also Sec. 2.3.4)
˙¯ρ = −3Hρ¯. (2.85)
Changing variables to
ΩΛ =
Λ
3H2
, (2.86a)
Ωm =
ρ¯
3H2
, (2.86b)
we can rewrite Eq. (2.84b) as
1 = Ωm + ΩΛ. (2.87)
Then, using Eq. (2.84a), we find
Ω′Λ = 3ΩΛ (1− ΩΛ) , (2.88)
where ()′ has been defined as ()′ = 1
H
(˙). Eq. (2.88) encodes the dynamics of the back-
ground variables. From the definitions in Eq. (2.79) and Eq. (2.80) and continuity equa-
tion in Eq. (2.78c), we obtain
δ′ = − θ
H
(1 + δ). (2.89)
Re-expressing the evolution equation for σ+, Eq. (2.78a), in the new time and background
variables we obtain
σ′+ = −2σ+ +
3
H
σ2+ +
H
2
(1− ΩΛ)δ. (2.90)
We now define the new variable
Σ+ =
σ+
H
= − θ
Θ¯
, (2.91)
which represents an expansion normalised velocity deviation. Note here that this variable
Σ+ is different to the one used in reference [136], where the normalization of σ+ is
given by Θ. We have chosen this normalization as it leads to a separation of background
and perturbation variables. In addition, H being a monotonic function describing the
expansion of the background, the time derivative ()′ = 1
H
(˙) is uniquely defined across
turn-around, when θ = −Θ¯. Now, consider the system
Ω′Λ = 3ΩΛ (1− ΩΛ) ,
δ′ = 3Σ+(1 + δ),
Σ′+ =
1
2
Σ+(3ΩΛ + 1)− 3Σ2+ − 12(1− ΩΛ)δ.
(2.92)
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We can further reduce the order of this dynamical system using the conserved quantity
d = β+B: using Eq. (2.13), we can find the constraint
Σ+ =
1
2
(ΩΛ − 1) δ − β+
2A
(δ + 1)
(
Ω
1/2
Λ − Ω3/2Λ
)2/3
, (2.93)
where β+ and A have been defined in Eqs. (2.14) and (2.10) respectively. Using this con-
straint, we can decouple the two differential equations for δ and Σ+. Then, our dynamical
system takes the final form
 Ω
′
Λ = 3ΩΛ (1− ΩΛ) ,
δ′ = −3
2
[
(1− ΩΛ) δ + β+A (δ + 1)
(
Ω
1/2
Λ − Ω3/2Λ
)2/3]
(1 + δ).
(2.94)
Therefore, we have reduced the system of four coupled differential equations to a
system of two differential equations, where the background evolution has decoupled from
the deviations. The reduction in order has been due to the assumption that K = 0 and the
result that the curvature deviation is constant in our space-time, d˙ = 0. The decoupling
has been made possible by choosing a suitable set of variables to work with. The system
is now fully characterised by the differential equations for ΩΛ and δ. Σ+ can then easily
be found using the constraint equation, Eq. (2.93). The dynamics of the variables can
be shown in compressed form by doing a phase plane analysis. Plots of this analysis
are shown in Fig. 2.4 and Fig. 2.5 for the case of under-densities and over-densities,
respectively. In the plots we have suppressed the decaying mode of F for clarity. The
absolute values of β+ are chosen to be different in the case of under- and over-densities
due to the occurrence of singularities in the case of over-densities for |β+| above a certain
value, see Sec. 2.3.2 for details.
In all figures, the initial conditions were set very close to the ΩΛ = δ = Σ+ = 0 point
and again for clarity, we have plotted a single trajectory for each value of β+. This point
is associated with Einstein-de-Sitter space. The different evolutions are due to different
values of β+ and all trajectories in the figures tend to de Sitter space.
In the left panels, de Sitter space is represented by all values of δ along the ΩΛ = 1
line, i.e. each point on this line is a fixed point4. In the right panels de Sitter space is just
represented by the ΩΛ = 1, Σ+ = 0 point. Therefore we see that de Sitter is always the
late time attractor for all solutions, in the case of under- and over-densities, consistently
with the analysis in [10].
4Notice that when δ is a constant, the total density ρ scales with the background ρ¯ ∼ S−3 and therefore
tends to zero at late times, cf. [28] for a general second order analysis of the asymptotic evolution of
perturbations in ΛCDM and the cosmic no-hair theorem that follows.
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Figure 2.4: Phase planes for the inhomogeneity variables δ and Σ+ versus the background
variable ΩΛ, for the case of under-densities, β+ > 0. In each plot we only consider the
growing mode and, for clarity, we plot a single trajectory for each value of β+.
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Figure 2.5: Phase planes for the inhomogeneity variables δ and Σ+ versus the background
variable ΩΛ, for the case of over-densities, β+ < 0. In each plot we only consider the
growing mode and, for clarity, we plot a single trajectory for each value of β+.
2.7 Summary
In this chapter we have presented exact solutions of Einstein’s equations describing an
inhomogeneous universe with pressureless dust (representing CDM) and a cosmologi-
cal constant Λ. Our models are of the Szekeres class II type, generalised to the Λ 6= 0
case; these solutions were previously obtained in the original Szekeres form of the met-
ric by Barrow and Stein-Schabes [10]. We obtained our models using the metric in Eq.
(2.1), previously used for the Λ = 0 case by Goode and Wainwright [70]. The great
advantage of this form of the metric is that it allows to split the dynamics of the model
into a part that describes a ΛCDM FLRW background, which we have taken to be flat,
CHAPTER 2. EXACT INHOMOGENEOUS SOLUTIONS 47
and a part describing an inhomogeneous deviation from this background, represented
by a single function Z in the line element, Eq. (2.1). Einstein’s equations dictate that
Z = A(x) + F (t, z), where the dependence of Z (A) on the x, y coordinates is fixed,
while the dependence on z is arbitrary. The density deviation from the background has
the simple form δ = −F/Z, which through the free function can be used to model an
arbitrary initial matter distribution along one line of sight.
A very useful property of the function Z is that its time dependent part, F , satisfies
the same linear second order ODE, Eq. (2.12), that δ satisfies at first perturbative order
in Newtonian theory [99]. This same equation is satisfied by ∆, a variable in gauge-
invariant perturbation theory [8, 75, 56, 24, 135], where ∆ reduces to δ in any comoving
synchronous gauge (see [8, 75]). This linearity property of Z implies that it satisfies a
superposition principle, i.e. we can build an arbitrary initial matter distribution along the
z-axis, e.g. adding up Fourier modes, and define a spatial average. The Z inhomogeneity
does not need to have zero average along z, thus in this sense the FLRW background may
or may not be representative of an average.
We have also studied the local formation of singularities in our model, finding in par-
ticular that, at any given comoving point (i.e. for a fixed fluid element), for δ > 0 pancake
may form, similar to the Zel’dovich pancakes of Newtonian theory. Unlike for the Λ = 0
case, pancakes are not unavoidable, given that the growing mode in Z for Λ 6= 0 tends to
a constant value. Therefore, at any given point in our synchronous comoving coordinates,
initial conditions may be found such that the pancake never forms.
The models studied here belong to the “silent” class [27] with Λ studied in [26] (cf.
[136] and [30]). A patch in our model not evolving to a pancake unavoidably asymptot-
ically approaches de Sitter [27] (cf. [10]), satisfying the cosmic no-hair theorem. With
respect to [26, 136] we have greatly simplified the dynamical system analysis, introduc-
ing new variables that lead to a decoupling of the system, so that two variables only are
needed: ΩΛ describing the background and δ (or a shear variable) describing the inho-
mogeneity.
In the following chapter we shall make use of the very convenient properties of this
class of solutions, that we can model a line of sight with arbitrary matter distribution
and always clearly identify a background cosmology, to do light tracing in this class
of solutions. Therewith we shall investigate the effect of non-linear structure on the
propagation of light and hence the distance – redshift relation.
Chapter 3
Light tracing through exact non-linear
inhomogeneities
48
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3.1 Introduction
We shall now consider the effect of inhomogeneities on the redshift, angular diameter
distance and distance modulus within the framework of the solutions derived in the pre-
vious chapter. We set up deviation along one line of sight and begin by considering
single sinusoidal deviations from homogeneity and then the case of coupled modes. Fi-
nally, we consider inhomogeneities where peaks and voids, arranged in a periodic array,
are more strongly separated than can be achieved by simple harmonic distributions. We
demonstrate that the deviations from the FLRW background in the determination of the
distances are mainly due to the Ricci and Weyl focusing terms in the Sachs equations,
see Eqs. (1.53) and (1.54), and show that instead the shear of the null congruence has a
negligible effect. We also briefly investigate the effect of mode coupling on the growth
of structure and, interestingly, we show that even a long wavelength mode with small
amplitude can strongly enhance the growth of short wavelength modes, thanks to the
non-linear coupling. The non-linear interaction of different modes does not seem to in-
fluence the distance measures significantly and we find that changes in the redshift and
distances are mostly affected by the long wavelength modes. Using an array of density
profiles which are not sinusoidal but quite peaked around the maximum and separated by
large voids, we find that the effect on the redshift and distance measures does not prove to
be significantly more than using an initially sinusoidal density distribution with the same
wavelength of the array scale. Overall, we find that all deviations in the redshift and
distance measures are less than 1%, when we consider what we refer to as “compensated
inhomogeneities” along the line of sight, i.e. where the average density along the line of
sight matches the background density. However, when the inhomogeneities are on aver-
age above or below the background, the effects on redshift and distance measures can be
very large. To investigate whether this effect is accounted for in common weak lensing
analyses we compare the results from light tracing in several different exact solutions to
the weak lensing analysis. We find that weak lensing predicts incorrect signs and ampli-
tudes for the magnitude change from inhomogeneities. A full relativistic linear analysis
predicts magnitude changes close to those from exact solutions for small amplitude in-
homogeneities. For non-linear inhomogeneities the linear analysis breaks down and the
difference between weak lensing and exact solutions becomes even more pronounced.
A summary of this chapter is as follows. In Sec. 3.2 we will derive the null geodesic
equations for the given metric and in Sec. 3.3 we derive the form that the Sachs optical
equation will take for a given physical situation that is to be investigated. In Sec. 3.4 we
shall present the results of our analysis, considering single mode deviations in Sec. 3.4.1;
multiple modes and their coupling and effects in Sec. 3.4.2; and the effects of an array of
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strong peaks and large voids in Sec. 3.4.3. A comparison between light tracing in exact
solutions and weak lensing is presented in Sec. 3.5. In Sec. 3.6 we draw our conclusions.
Details on the tetrad transformations needed to derive the Sachs optical equations in our
model can be found in Appendix C.
3.2 The null geodesic equations
Using the Euler-Lagrange formalism, the geodesic equations come from
∂L
∂xa
− d
dλ
[
∂L
∂
(
dxa
dλ
)] = 0, (3.1)
where the Lagrangian is found from
L = gab
dxa
dλ
dxb
dλ
. (3.2)
Here λ is an affine parameter and xa stands for all four space-time coordinates. Using
the metric presented in the previous chapter in (2.15), we find the Lagrangian to take the
form
L = −
(
dt
dλ
)2
+ S2
{[(
dx
dλ
)2
+
(
dy
dλ
)2]
+ Z2
(
dz
dλ
)2}
. (3.3)
Using the Euler-Lagrange equation, Eq. (3.1), we find the first null geodesic equation to
be
SS˙
[(
dx
dλ
)2
+
(
dy
dλ
)2
+ Z2
(
dz
dλ
)2]
+ Zβ+f˙+S
2
(
dz
dλ
)2
= − d
2t
dλ2
, (3.4)
where an over-dot denotes differentiation with respect to t. The second and third equa-
tions take the similar form
d2x
dλ2
+ 2
dS
dλ
S
dx
dλ
− 2BZβ+(x+ γ)
(
dz
dλ
)2
= 0, (3.5)
and
d2y
dλ2
+ 2
dS
dλ
S
dy
dλ
− 2BZβ+(y + ω)
(
dz
dλ
)2
= 0, (3.6)
the last null geodesic equation, governing the photon’s motion along the z-axis, is given
by
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d2z
dλ2
= −
(
dz
dλ
)2
Z
((β+)z
{
f+ +B
[
(x+ γ)2 + (y + ω)2
]}
+ 2Bβ+ [(x+ γ)γz + (y + ω)ωz])
− 2dz
dλ
[
dS
dλ
S
+ β+
df+
dλ
+ 2B(x+ γ)dx
dλ
+ 2B(y + ω) dy
dλ
Z
]
, (3.7)
where a subscript z denotes differentiation with respect to the Cartesian coordinate z.
These differential equations contain derivatives with respect to three different variables,
t, λ and z. Since only the free functions γ(z), ω(z) and β+(z) are functions of z and we
will specify them on a case by case basis, we can consider these derivatives to be known.
We would like to consider functions of only one variables and not two, λ and t. Since we
are considering null geodesics here, we can specify λ, such that
d
dλ
= E
d
dt
, (3.8)
where E = −uala is the energy of the photon. Using this relationship and a new dimen-
sionless time variable τ = 3
2
H0
√
ΩΛ0t we can simplify the set of differential equations
to
−E
′
E
= S2
(
9
4
H20 ΩΛ0
)
{z′2Z
[
Z
S ′
S
+ f ′+β+
]
+
S ′
S
(x′2 + y′2)}, (3.9)
x′′ +
(
2
S ′
S
+
E ′
E
)
x′ − 2BZβ+(x+ γ)z′2 = 0, (3.10)
y′′ +
(
2
S ′
S
+
E ′
E
)
y′ − 2BZβ+(y + ω)z′2 = 0, (3.11)
z′′ + z′2
Zz
Z
+ 2z′
[
S ′
S
+
1
2
E ′
E
+ β+
f ′+ + 2B(x+ γ)x
′ + 2B(y + ω)y′
Z
]
= 0, (3.12)
where a dash denotes differentiation with respect to τ . Initial conditions here should be
chosen according to the situation that is to be modelled. We will always integrate starting
from the observers position (which we denote by O), which we will place at the origin,
x|O = y|O = z|O = 0. We choose E|O = 1 as this is just a normalisation, i.e. the
redshift in an inhomogeneous universe is zIN = E/E|O − 1 and thus E|O = 1 means
that zIN = E−1. The initial conditions x′|O, y′|O and z′|O are chosen depending on into
which spatial direction we would like to perform the light tracing. These null geodesic
equations are the most general that we can derive in the given space-time. However,
our metric only allows us to freely choose the initial matter distribution along the z-axis
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(for γ = ω = 0, otherwise along a path dictated by those two functions). Therefore,
we will mostly be interested in the propagation of light rays along this ‘special’ z-axis.
Hence it would be of interest to investigate to what degree the above differential equations
simplify, if we only consider the case where γ = ω = 0 and light rays only travel along
the z-axis. In this case we find the much reduced system of differential equations
−E
′
E
=
S ′
S
+
F ′
1 + F
, (3.13)
and
z′ =
2
3
1
H0
√
ΩΛ0SZ
, (3.14)
where we have used the null constraint ds2 = 0 to reduce the order of Eq. (3.12). We can
use these differential equations to trace single photons into the past, finding their position
and energy at any given cosmic time t. However, to be able to plot the Hubble diagram,
we also need information about how bundles of light rays behave in this space-time and
hence we need to consider the Sachs optical equations.
3.3 The Sachs optical equations
To describe the evolution of a bundle of light rays one needs to specify its expansion
θ, shear σ, and rotation ω, which are the quantities whose evolution is described by the
Sachs optical equations [110]. However, in this analysis, we closely follow the notation
of [35], who put the optical scalar equations in the context of the Newman-Penrose for-
malism, as introduced in Sec. 1.4.3. Since we are considering point-like sources, we can
ignore the rotation ω of the light bundles as its differential equation is homogeneous and
its initial value zero. Hence, the Sachs equations, derived from the geodesic and geodesic
deviation equations, take the form
dθ
dλ
+ θ2 + |σ|2 = φ00, (3.15)
dσ
dλ
+ 2σθ = Ψ0, (3.16)
where Ψ0 and φ00 are, respectively, the zeroth Weyl scalar and one of the Ricci scalars of
the Newman-Penrose formalism and represent the Weyl focusing and Ricci focusing in
the direction of la, see Eq. (1.47) and Eq. (1.48) for their definitions. The null tetrad is
here chosen, as already mentioned in Sec. 1.4.3, such that la is the affinely parametrised
tangent vector to the null geodesic, defined as
la =
dxa
dλ
, (3.17)
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and ma is a complex vector that is orthogonal to la, null and has magnitude of 1. The
two vectors la and ma are part of a complex Newman-Penrose canonical null tetrad. The
expansion θ and shear σ are precisely
θ =
1
2
la;a, (3.18)
|σ|2 = 1
2
l(a;b)l
a;b − θ2. (3.19)
We emphasise that for the moment la points in a generic direction and therefore is not
the same la as in Chapter 2. The advantage of using the canonical Newman-Penrose
formalism, as presented in [35], is that it allows us to easily express Ψ0 and φ00 in the
equations above in terms of Weyl and Ricci scalars in the special null tetrad adapted to our
metric (see below). The expansion of the bundle of light rays is not a direct observable
though and so we would rather like to consider the angular diameter distance dA and the
luminosity distance dL. One finds the relation
θ =
d(dA)
dλ
dA
, (3.20)
and Etherington’s theorem [59] states that
dL = (1 + z
IN)2dA, (3.21)
where zIN is the redshift in a general, inhomogeneous universe. In terms of the angular
diameter distance, the Sachs equations take the form
d2(dA)
dλ2
= [φ00 − |σ|2]dA, (3.22)
dσ
dλ
+ 2
d(dA)
dλ
dA
σ = Ψ0. (3.23)
As in Sec. 3.2, we will use the time variable τ = 3
2
H0
√
ΩΛ0t and we also introduce the
dimensionless variable
σ˜ =
σ√
3H20 ΩΛ0
, (3.24)
and hence we can write the Sachs equations in the form
d′′A + d
′
A
E ′
E
=
(
4
9
φ00
E2H20 ΩΛ0
− 4
3
|σ˜|2
E2
)
dA, (3.25)
σ˜′ + 2
d′A
dA
σ˜ =
2
3
√
3EH20 ΩΛ0
Ψ0, (3.26)
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where, again, a dash denotes differentiation with respect to the time variable τ . To calcu-
late the Ricci focusing term φ00 and the Weyl focusing term Ψ0, we need the form of the
complex null tetrad. We shall firstly consider the case where the photon travels along the
z-axis and then generalise the result to light rays travelling in any direction. For a light
ray travelling along the z-axis we find
la = E
(
1, 0, 0,
1
SZ
)
, (3.27)
and
ma =
1√
2
(
0,
1
S
,
−i
S
, 0
)
, (3.28)
where E, again, is the energy of the photon. This tetrad is very similar to the one derived
in Chapter 2, except for the E factor in la and so, using this tetrad, we find the only non-
zero Weyl scalar to be Ψ2. In doing this, we have chosen a null tetrad which is especially
adapted to the metric. Having Ψ2 as the only non-zero Weyl scalar is characteristic of the
Petrov type D of our space-time, see Chapter 2 for more details. Hence, for light bundles
along the z-axis, we find the two focusing terms
φ00 = −1
2
E2ρ, (3.29)
and
Ψ0 = 0, (3.30)
whilst
Ψ2 =
1
6
ρ¯δ. (3.31)
This brings the Sachs optical equations along the z-axis into the form
d′′A + d
′
A
E ′
E
=
(
−2
9
ρ
H20 ΩΛ0
− 4
3
|σ˜|2
E2
)
dA, (3.32)
σ˜′ + 2
d′A
dA
σ˜ = 0. (3.33)
From the form of this system it is not immediately obvious where the effect of the in-
homogeneities will come into the equations. In fact the energy of the light rays E will
be affected by inhomogeneities and therefore not always correspond to the FLRW value.
Additionally, the density ρ = ρ¯(1 + δ) such that the matter inhomogeneity will directly
enter into the system.
In fact this system of equations should be integrated from today back into the past
and so we need to set initial conditions today, say τO and we set σ˜|O = 0, dA|O = 0 and
d′A|O = −2/(3E|OH0
√
ΩΛ0). Given these initial conditions and the chosen null tetrad, it
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is apparent from Eq. (3.33) that σ˜|O = 0 implies the trivial solution σ˜ = 0 and hence we
only have to consider Eq. (3.32) and the initial conditions associated with it. Essentially
this means that along the z-axis the Weyl focusing is zero and hence the light bundles do
not experience any shear. However, the Weyl focusing is an effect we are interested in,
as it might have non-negligible effects on the angular diameter distance. Hence, we will
now generalise the above treatment to be able to consider light bundles that do not travel
along the z-axis.
We are interested in the case where γ = ω = 0, since these two functions only
displace the center of deviations, and therefore in this special case our model displays
an axial symmetry about the z-axis, see Chapter 2. This implies that considering light
rays in the y-z-plane is completely general, as one could always perform a rotation about
the z-axis without changing the metric but making the tangent vector point out of the
y-z-plane. We name the angle that the tangent vector la subtends with the z-axis α and
all quantities in the rotated system are denoted with a tilde. The null tetrad in the rotated
frame then takes the form
l˜a = E
(
1, 0,
sin(α)
S
,
cos(α)
SZ
)
, (3.34)
and
m˜a =
1√
2
(
0,
1
S
,
−i cos(α)
S
,
−i sin(α)
SZ
)
. (3.35)
Since we are dealing with pure ΛCDM, dust and a cosmological constant, it follows from
the EFE that the Ricci focusing term does not depend on rotations in the basis vectors
and so we find that
φ˜00 = φ00 = −1
2
E2ρ. (3.36)
However, deriving the Weyl focusing term in the rotated frame is not as straight forward
and we need to consider the effect of rotations in the complex null tetrad on the Weyl
scalars. In the complex null tetrad constructed for light rays travelling along the z-axis,
we found that the only non-zero Weyl scalar was Ψ2, Eq. (3.31). Rotating the original
complex null tetrad to coincide with the physical situation of light propagation at an angle
α with the z-axis requires four separate canonical rotations in the complex null tetrad, see
Appendix C for the details and Sec. 2.3.3 for details on the rotations. These rotations have
the effect of making all five Weyl scalars non-zero in general, but expressible in terms of
the original Ψ2, in particular, we find
Ψ˜0 = −3 sin2(α)E2Ψ2 = −1
2
sin2(α)E2ρ¯δ, (3.37)
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where ρ¯ is the background density and δ is the density deviation. Therefore, we find the
general Sachs optical equations for our space-time
d′′A + d
′
A
E ′
E
=
(
−2
9
ρ
H20 ΩΛ0
− 4
3
|σ˜|2
E2
)
dA, (3.38)
σ˜′ + 2
d′A
dA
σ˜ = − 1
3
√
3
sin2(α)E
H20 ΩΛ0
ρ¯δ, (3.39)
where we choose initial conditions again as σ˜|O = 0, dA|O = 0 and d′A|O = −2/(3E|OH0
√
ΩΛ0)
and integrate into the past. Clearly, choosing σ˜|O = 0 here does not imply the trivial so-
lution for σ˜, since the Weyl focusing term is non-zero in general.
3.4 Results of the light tracing
In this section, we would like to present how the results of the light tracing we performed
in our model differ from the standard FLRW results commonly used. To find the posi-
tion and redshift of the bundle of light rays, we need to integrate Eqs. (3.9) – (3.12) in
general whereas, to find the angular diameter distance and shear of the bundle, we need
to integrate Eqs. (3.38) and (3.39). Inspecting the last two equations, we find that they
are coupled to the geodesic equations and hence, we need to solve all six differential
equations simultaneously. From the angular diameter distance, we can find the luminos-
ity distance, using Eq. (3.21). Additionally, we would also like to find the change in the
distance modulus defined as 1
∆m = 5 log10
(
dA
dFLRWA
)
, (3.40)
where a superscript FLRW denotes the same quantity in the FLRW background. To
compare the angular diameter distance and redshift in our model to the standard FLRW
result, we choose the definitions
∆z =
zIN − zFLRW
zFLRW
, (3.41)
and
∆dA =
dA − dFLRWA
dFLRWA
, (3.42)
which should give the reader an intuitive idea of what the fractional difference is between
the results we derive here and the commonly used FLRW values.
1This is a slightly different notation than originally used in [92] to conform with later work.
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Having derived the geodesic equations and Sachs optical equations and having de-
fined quantities to analyse our results, we have to consider which physical situations we
would like to model. For a detailed discussion of which matter distributions are possible
and a discussion of singularities, see the relevant sections in Chapter 2. Here, however,
we would like to mention the main points that characterise the matter distributions we
can model. In this chapter, we concentrate on the γ = ω = 0 case, which reduces the
freedom of the model to one function, the space distribution of the growing mode β+,
which gives us the freedom to set the initial matter distribution along the z-axis, whereas
we do not have any freedom to set the distributions along the x- and y-axis. If we only
consider under-densities, (β+ > 0) we do not find singularities in any space-time point.
However, as long as β+ is negative in some region, which corresponds to an over-density
in the same region, pancakes can eventually form in the model, as also expected from
Newtonian gravitational collapse. What is important for the analysis presented here is
that for over-densities which have not yet collapsed by today (which is what we are in-
terested in), we can, at any time in the past, find a region around the z-axis which is free
from singularities and therefore perform light tracing in those regions.
3.4.1 Single mode density distributions
As we explained in the previous chapter, Sec. 2.2, the linearity of Eq. (2.19) allows for
the validity of a superposition principle for the metric function F . In addition, we only
consider the growing mode whose spatial distribution is encoded in the function β+(z).
Therefore, in this section, we first look at harmonic distributions of matter along the line
of sight, i.e. single mode sinusoidal distributions.
The first question that comes to mind is whether to consider a distribution of over-
densities, under-densities or a combination thereof. As a first analysis, we would like to
see what the effect of either of those three choices is and hence in Fig. 3.1 we present
the redshift and the angular diameter distance dA obtained from a model with only over-
densities (red lines), only under-densities (blue lines) and compensated density profiles
(black lines). The solid lines are for light rays along the z-axis and the dashed lines
correspond to light rays which travel at an angle of 10 and 40 degrees off the z-axis,
the 40 degrees lines are always the ones further away from the respective solid line. No
deviation between the different angles is visible for the black line as no difference from
the FLRW curves are visible at this resolution for any angle in the compensated case. In
Fig. 3.1 we have chosen all inhomogeneities to be periodic on a scale of 8 Mpc, the initial
conditions have been chosen such that at early times, δover ∝ 1 − cos( 2piz8Mpc), δunder ∝
cos( 2piz
8Mpc
)−1 and δcomp ∝ cos( 2piz8Mpc), where δcomp stands for a density perturbation which
is compensated on the above mentioned 8 Mpc scale along the z-axis. The amplitude of
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Figure 3.1: Redshift zIN found in our model, as compared to the redshift zFLRW the same
object would have in a FLRW model, left panel, and angular diameter distance dA as a
function of observed redshift zIN , right panel. We are considering only over-densities
(red lines), only under-densities (blue lines) and compensated density distributions (mid-
dle, black lines). The deviations are periodic on scales of 8 Mpc along the z-axis, the
solid lines are for on-axis light rays and the dashed lines for off-axis rays (correspond-
ing to 10 and 40 degree deviations). The dashed lines for the compensated case are not
visible here, as they are not distinguishable from the on-axis case at this resolution.
the over-densities in the compensated and only over-density cases correspond to δ ≈ 1
today, whereas the under-densities grow to voids of δ ≈ −0.3 today. The figures show
significant deviations in the redshift and distance measure, if we only consider over- or
under-densities along the line of sight. One might get the impression here that for the
compensated case there are no deviations from the FLRW values, therefore in Fig. 3.2
we have plotted a zoom in on the very small redshift range of Fig. 3.1 for the compensated
case only and periodic deviations are clearly visible.
However, when we make actual observations in the Universe, we generally assume
that we observe along typical lines of sight and that the density deviation along this line of
sight should average to zero, or at least we expect that the ensemble average of the density
deviation along many lines of sight in different directions should average to zero. Hence,
we would like to consider in the following matter distributions which we can show to
average to zero over some characteristic distance. This is automatically achieved with the
harmonic sinusoidal distribution we are dealing with which clearly implies a zero average
over one period of the function. Figs. 3.3, 3.4 and 3.5 show the density deviation δ,
redshift deviation ∆z, angular diameter distance deviation ∆dA and the distance modulus
deviation ∆m for density deviations on different scales and of different amplitudes. On
all plots, the solid lines correspond to light rays which travelled along the z-axis and
dashed lines correspond to off-axis light rays. The off-axis light rays were directed at
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Figure 3.2: Redshift found in our model zIN versus the redshift an object at the same
distance from us would have in a FLRW model zFLRW . The solid line is the redshift
found from the light tracing for a compensated density profile, which corresponds to
δ ≈ 1 today, periodic on a scale of 8 Mpc today. We are only plotting very small redshifts
here, so the deviations found are visible. The solid line corresponds to the redshifts we
find from the light tracing and the dashed line corresponds to the FLRW values, plotted
for reference. This is a zoom in to the black line on the top panel of Fig. 3.1.
angles of 5, 10 and 20 degrees from the z-axis. To distinguish the lines, one can assume
that the ones that deviate from the solid line the most are the ones sent at a 20 degree
angle and the ones sent at 5 degrees are hardly distinguishable from the solid lines. We
are considering here density deviations on different scales, ranging from 8 Mpc to 500
Mpc. However, we do not expect density deviations to be of the same amplitude across
all these scales as, in general, while the Universe is very inhomogeneous on small scales,
observations support the idea that deviations from homogeneity get smaller and smaller
on larger scales, where homogeneity is reached at some point [114]. Generally, we will be
considering larger amplitude density deviations on smaller scales and smaller amplitudes
on larger scales. Despite this, interestingly we find deviations in the distance measures
and redshift to be mostly affected by the larger scale density deviations. Considering
larger amplitude density deviations on larger scale would simply amplify this effect but
make the density distributions less realistic. Note that in Fig. 3.4 we are using a smaller
range in redshift than in the other two figures to make it easier to tell apart features of the
off- and on-axis lines.
Looking at Figs. 3.3, 3.4 and 3.5, we can see deviations from the FLRW background
values in all the quantities we display, however all these deviations seem to be below the
1% level, given the conservative assumptions we made.
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Figure 3.3: The effect of inhomogeneities with δ ≈ 0.1 today, periodic on a scale of 500
Mpc. The solid line corresponds to light rays travelling along the z-axis and the dashed
lines to light rays travelling at 5, 10 and 20 degrees off-axis respectively.
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Figure 3.4: The effect of inhomogeneities with δ ≈ 1 today, periodic on a scale of 100
Mpc. The solid line corresponds to light rays travelling along the z-axis and the dashed
lines to light rays travelling at 5, 10 and 20 degrees off-axis respectively.
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Figure 3.5: The effect of inhomogeneities with δ ≈ 3 today, periodic on a scale of 1
Mpc. Here we are only showing the results from light tracing along the z-axis for clarity.
Two features are visible in the lower three panels, the thickness of the lines shows the
effect of each single oscillation in the density profile, whereas the trends of these thick
lines shows the overall integrated effect of having large amplitude but small scale density
inhomogeneities.
We would like to understand what term in the Sachs equations, Eqs. (3.15) and (3.16),
are the main cause of these deviations and hence we consider the non-FLRW parts of the
Ricci focusing, the Weyl focusing and the shear resulting from Eqs. (3.38) and (3.39).
For the Ricci focusing, we will introduce the variable
∆φ = φ00 − φFLRW00 = −
1
2
(
E2ρ− E¯2ρ¯) , (3.43)
where E¯ is the photon energy in the background FLRW model. For the Weyl focusing
there is no background contribution, hence we just have to consider the Weyl scalar Ψ0;
for the contribution of the shear, we will consider |σ|2 as this is the term present in the
Sachs equations and, again, σ vanishes in the background given our initial conditions.
In Fig. 3.6 we compare the above mentioned variables for a representative matter dis-
tribution: we choose δ periodic on scales of 100 Mpc along the z-axis with an amplitude
of δ ≈ 1 today. We have performed the integration for light rays which travel at an angle
of 20 degrees with the z-axis. From the plots we can see that the Ricci focusing deviation
dominates over the Weyl focusing. Although from Eq. (3.43) we see that ∆φ ≈ E¯ρ¯δ so
that the source of both the Ricci and Weyl focusing is ρ¯δ, the Weyl focusing is strongly
suppressed by the sin2(α) factor in Eq. (3.37). Finally, we find that |σ|2 is much smaller
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Figure 3.6: Plot of the non-FLRW contributions in the Sachs equations as a function of
redshift. Here we have used compensated density deviations on scales of 100 Mpc which
would have an amplitude of δ ≈ 1 today and the light tracing was performed at an 20
degree angle with the z-axis. Where ∆φ = φ00 − φFLRW00 , Ψ0 is the zeroth Weyl scalar
and σ is the shear of the light bundle.
than the two focusing terms, so that it gives a negligible contribution in Eq. (3.15) and,
consequently, to the deviations from FLRW in the distance measures.
3.4.2 Mode coupling and its effects
The above results show that single mode density deviations do not have a large effect
on the redshift, angular diameter distance and distance modulus for the compensated
profiles we considered. From this we cannot conclude though that a density profile, where
the metric function F is the sum of many modes, has a small effect as well, since the
structures in our model grow non-linearly. In other words, an initial deviation consisting
of the superposition of two modes in F may excite many different modes in δ during its
non-linear growth and the resultant density profile might have completely different effects
on the redshift and the distance modulus. The real Universe clearly does not consist of
only one wavelength deviations and therefore the step of including several modes should
make our analysis more realistic.
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Figure 3.7: Illustration of how different modes interact in the density profile. Each profile
is plotted at a redshift of zFLRW = 5 (smaller amplitude curves) and today. The top
panel demonstrates the interaction of a mode that is periodic on 1 Mpc, blue curves, and
a mode periodic on 20 Mpc, black curves, and how the two modes interact, red curves,
if superimposed as initial conditions. The same is shown in the middle panel for modes
periodic on 1 Mpc, blue curves, and 100 Mpc, black curves, and their interaction, red
curves. In the bottom panel, we show how an initial superposition of the 1 Mpc and 20
Mpc modes, red curves, behave compared to an initial superposition of all three, 1 Mpc,
20 Mpc and 100 Mpc modes, green curves.
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In general in our model we find that the growth of single mode density deviations
does not depend on their wavelength, that is, if we only had deviations periodic on a 1
Mpc scale, they would grow to the same amplitude as if we only had deviations on a
scale of 100 Mpc. If we had an initial small density deviation which is a superposition of
those two modes in F , the growth of δ would be quite different to the individual modes.
In Fig. 3.7 we show how modes on scales of 1 Mpc, 20 Mpc and 100 Mpc interact. From
these plots one can see how peaks in the long wavelength perturbation cause the short
wavelength perturbations to grow non-linearly and it becomes clear that the profiles are
not superpositions of the individual modes any more. More precisely, in the top panel of
Fig. 3.7 we show the growth of a 1 Mpc mode together with a 20 Mpc mode and their
interaction. It is clear that the growth of the short wavelength mode gets an extra non-
linear kick from growing on top of the larger scale mode. On the other hand, peaks of the
short scale mode that grow in the voids of the larger scale mode are depressed. The same
qualitative behaviour can be observed in the middle panel of Fig. 3.7, where we now
consider the 1 Mpc mode together with a 100 Mpc mode, plotting on the same length
scale as the top panel. In this case the peak of the larger scale mode (in the middle of the
figure) is very broad and the short wavelength mode is growing almost as if on top of a
different background. However, non-linearity is again important and the peaks are much
higher than they would be if simply raised by this “new background”. Finally, in the
bottom panel we show the effect of adding the larger 100 Mpc mode to the deviations in
the top panel. The red profile for the coupled 1 Mpc and 20 Mpc modes of the top panel
is shown again in red in the bottom panel. The green profile shows the effect of coupling
the three modes together. This bottom plot in Fig. 3.7 therefore shows that even adding
a small amplitude (δ ≈ 0.3 today) 100 Mpc mode to the 1 Mpc and 20 Mpc allows the
peaks on the shorter scale to grow much stronger, more than a factor of 4 than without.
To investigate the effect of the mode coupling on the redshift and distances, in Fig.
3.8 we show how two coupled modes, one 1 Mpc mode and one 100 Mpc mode, affect
the redshift and distances. The two modes have been chosen to be of equal initial am-
plitude and combine to result in structure of δ ≈ 1 today. The amplitude of deviations
in redshift, angular diameter distance and distance modulus are completely dominated
by the effects of the long wavelength, 100 Mpc deviation. This analysis has been done
for many more pairs of modes, from 1 Mpc to 500 Mpc, and the results always seem
to be dominated by the long wavelength modes. The fact that the main effects in red-
shift and therefore in distances is dominated by the larger scales inhomogeneities should
not come as a surprise. The basic mechanism at work here is the same as in the Rees-
Sciama and the integrated Sachs-Wolfe effect. In an expanding universe photons travel
through dynamical inhomogeneities. When the characteristic scale of the inhomogeneity
is negligible compared to the Hubble radius, the effect of the expansion is negligible and
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Figure 3.8: The effect of inhomogeneities with δ ≈ 1 today, with the initial condition
being a superposition of two modes, one period on scales of 1 Mpc and the other on 100
Mpc. The initial amplitude of the two different perturbations was chosen to be the same.
Here we are only showing the results from light tracing along the z-axis for clarity.
therefore a photon will come out of the inhomogeneity with the same energy that it had
when it entered it. Instead, in going through a large scale inhomogeneity, photons have
to go through a different potential well when they come out of the inhomogeneity than
when they were entering it, changing their energy in the process.
3.4.3 Peaks and voids of arbitrary profile
After having analysed a variety of different sinusoidal single mode matter distributions
and their coupling, we would like to investigate whether a more complex matter distribu-
tion would give a more significant deviation from the FLRW background. As shown in
Fig. 3.1, choosing a matter distribution which is not compensated, i.e. where integrating
F over any distance along the z-axis does not give zero, has significant effects on redshift
and angular diameter distance. Now we would like to investigate whether compensated
profiles which are more complex than simple single mode sinusoidal can have significant
effects as well. To this end, we choose the initial profile for each over-density to take the
form
δ ∝ cosh−1( z
10 Mpc
)− C, (3.44)
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Figure 3.9: The effect of inhomogeneities with δ ≈ 2.3 today, with the choice of the
initial profile shown in Eq. (3.44). Here we are only showing the results from light tracing
along the z-axis for clarity. This graph clearly shows that choosing non-sinusoidal matter
deviations does not change the results significantly.
where C is a constant, and propagate light rays through a periodic array of such shapes.
To ensure that this distribution is compensated, the constant C needs to be chosen care-
fully. In Fig. 3.9 the results of this analysis are shown, where we have chosen the distance
between the peaks to be 100 Mpc today. The deviations from the FLRW results are not
significantly different from the ones obtained by using sinusoidal distributions; in par-
ticular the dominant parameter in the effects on redshift and distances is the maximum
length scale of the deviations.
3.5 Comparison with lensing
All the results presented in this chapter so far have been based on the class of exact
solutions to GR developed in the previous chapter. Here we would like to compare the
results of the light tracing within several different exact solutions, including the ones
developed in the previous chapter, to the commonly done linear weak lensing analysis,
see [11] for a thorough review on weak lensing. So far we primarily focused on the
deviations from the FLRW distance – redshift relation and we shall continue to focus on
this in the comparison with the lensing analysis.
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3.5.1 The linear approximation
In gravitational lensing one usually assumes a linearly perturbed FLRW metric, as de-
scribed in Sec. 1.3, to predict the effects of matter inhomogeneities on the properties of
light rays. Here, however, we use a slightly different form of the metric than in Sec. 1.3
and write the perturbed line element in the form
ds2 = a2
[−(1 + 2Φ)dη2 + (1− 2Φ)dx2] . (3.45)
When considering the effect of inhomogeneities on the angular diameter distance,
in the lensing context one usually talks about the convergence κ, which corrects the
background angular diameter distance as a function of redshift as
dA = d
FLRW
A [1− κ]. (3.46)
Within the standard weak lensing analysis, the convergence in a perturbed FLRW
universe is usually given as a line of sight integral over the density contrast
κ = κδ =
3
2
H20 Ωm0
∫ χS
0
dχ
(χS − χ)
χS
χ(1 + zIN)δ(χ), (3.47)
where dχ = dzIN/H = −dη. In fact the complete linear relativistic expression is
[21, 20]
κ = κ∇2Φ + κv + κSW + κI , (3.48)
where the Sachs-Wolfe term κSW is given by the difference in gravitational potential
Φ between source and observer, and κI is a line of sight integral over Φ and its conformal
time derivatives Φ′,Φ′′. These two terms are in fact sub-dominant [20] to the first term
on the RHS of Eq. (3.48), and we will not discuss their detailed form, although we do
include them in our numerical calculations below.
The commonly used term Eq. (3.47) is an approximation to the first term on the right
of (3.48),
κ∇2Φ =
∫ χS
0
dχ
(χS − χ)
χS
χ∇2⊥Φ, (3.49)
where the screen-space Laplacian of the potential ∇2⊥Φ can be approximated as the
Laplacian of the potential∇2Φ and then Eq. (3.49) reduces to the usual lensing term Eq.
(3.47), see [19] for details. For an under-density, δ < 0, we find κδ < 0 and therefore
if the under-density is the dominant structure along the line of sight, Eq. (3.46) implies
that the angular distance should be larger than the background value for a fixed redshift
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Figure 3.10: Difference in magnitude between the ΛCDM background and various mod-
els due to a 50 Mpc radius void as a function of observed redshift, top panels. These are
obtained from the relativistic convergence formula in Eq. (3.48) (solid line), the usual
weak lensing formula in Eq. (3.47) (dotted line), the Doppler term in Eq. (3.50) (dot-
dashed line) and an exact model (dashed line). The left panel shows the results for a
small void well in the linear regime, and the right panel shows a very deep void where
non-linear contributions increase the difference between the normal lensing term and the
other terms. The bottom panels show the void density contrasts. (Asterisk marks the far
edge of the void.)
zIN . This is the opposite effect to what can be seen from the exact solution in Fig. 3.1.
A larger angular diameter distance implies that objects should be observed to be smaller
since the total number of photons arriving from the object per unit time should be fewer
and surface brightness is conserved in lensing. We can quantify this using the change
to the distance modulus, defined in Eq. (3.40), such that a positive ∆m corresponds to a
fainter source.
We argued above that κδ ≈ κ∇2Φ  κSW , κI . The remaining term in Eq. (3.48) is
the Doppler term
κv =
(
1− 1 + z
IN
S
χSHS
)
vS · n, (3.50)
which is typically ignored in the weak lensing analysis. However, in the linear regime
we will show below that it is exactly this term which needs to be added to the lensing
formula in Eq. (3.47) to coincide with the result from exact solutions. We find that this
term increases in magnitude with the size and depth of voids and over-densities alike.
In the left panel of Fig. 3.10 we show the correction to the distance modulus for a
spherical void of radius 50 Mpc in the linear regime, δmin = −0.05, located at redshift
zIN = 0.1. It is clear that κδ, dotted line, predicts a completely different change in
magnitude than the full linear approximation, solid line, and the exact result, dashed line.
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The change of magnitude is in fact of the opposite sign from κδ. By contrast, κv gives
a very good approximation to the complete linear relativistic κ. Near the far edge of
the void there is a significant positive magnification signal, i.e. objects are brighter than
they would be otherwise, an effect which extends far beyond the edge of the void. This
is the opposite effect one expects based on a naive prediction using the usual lensing
formula. The prediction from the exact model of the void was done using the Lemaitre-
Tolman-Bondi (LTB) solution, see Eq. (3.52) for the profile. It demonstrates that the
linear relativistic κ is accurate for this amplitude of void. In the right panel of Fig. 3.10
we show the same for δmin = −0.95 and one can see that the effect is stronger for such
a deep void and that there is a discrepancy between the linear approximation and the
exact solution. In fact the linear approximation underestimates the anti-lensing effect, to
further analyse this we will consider exact models in more detail below.
3.5.2 Modelling voids with non-linear models
Real voids typically have δ . −0.8 [125] and we need to extend the relativistic pertur-
bative analysis to deal with such voids. We can gain some insight via exact solutions of
the Einstein field equations, where a void region is embedded in a homogeneous ΛCDM
solution. We consider 3 models:
Spherical void, using a LTB model, with the observer looking through the centre. The
void can be compensated by a spherical shell of matter, or uncompensated.
In the compensated case we choose
δ(r)
δmin
=

1 r 6 1
2
R,
−1
2
r−2R(r −R)e3/2−6[(r−R)/R]2 1
2
R 6 r 6 3
2
R,
−r−2 (r − 2R)2 3
2
R 6 r 6 2R,
0 r > 2R,
(3.51)
and in the uncompensated case
δ(r)
δmin
=

1 r 6 1
2
R,
−1
2
r−2R(r −R)e3/2−6[(r−R)/R]2 1
2
R 6 r 6 R,
0 r > R.
(3.52)
Quasi-spherical void, with a mass concentration off to one side and the observer looking
either through the concentration, or along a line of sight not containing the concentration.
We use the Szekeres type I model of [16, 17] with the same mass distribution as the
compensated LTB model. In addition there is a dipole-like contribution which generates
a compensated inhomogeneity extending to r = 2R.
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Cylindrically symmetric void with the observer looking along the symmetry axis, using a
Szekeres type II model as in previous sections. The density profile along the symmetry
axis is compensated and extends to about r = 2R. This distribution is similar to one os-
cillation of the inhomogeneities defined in Sec. 3.4.3 embedded in a FLRW background.
We standardise the voids in each model to a radius of 50 Mpc, with centre at zIN =
0.1. This corresponds to a slightly different comoving distance in each model, and the
redshift of the near and far sides are slightly different. The depths we choose are δmin =
−0.95 for the spherical and quasi-spherical cases, and δmin = −0.8 for the cylindrically
symmetric case. Our model void size is typical in the SDSS survey, where void radii are
in the range 5 to 135h−1 Mpc [125]. Fig. 3.11 shows the change in distance modulus for
each type of void. In all cases we see the same qualitative behaviour as in the perturbative
case and opposite to the weak lensing prediction. Details of the signal depend on the
void shape and the nature of compensating regions, but the usual weak lensing prediction
(3.47) is always completely wrong, unless the source is far from the void (see the insets
in Fig. 3.10).
Thus the predictions of the relativistic perturbative magnification persist in the non-
linear regime and are generic for different void configurations. But non-linear effects can
be large, and the linear relativistic analysis can be wrong by more than ∼ 20% compared
to an exact spherical void model. In Fig. 3.12 we show the difference in magnitude
error between the weak lensing approximation and the exact solution, left panel and the
percentage error between the linear approximation and the exact solution, right panel, for
a range of voids and unvirialised over-densities.
3.6 Summary
In this chapter we have analysed the effects of non-linear structure on redshift and dis-
tance measures using the exact solution developed in Chapter 2. We have developed
the null geodesic equations and the Sachs optical equations in our model for light rays
travelling in arbitrary directions. This set-up has then been applied to different physical
situations, considering single sinusoidal mode deviations in the density, the coupling of
two harmonic modes as well as a more complex matter distribution described by an array
of peaks and voids along the line of sight. Furthermore, we have investigated which terms
in the Sachs optical equations are mainly responsible for deviations from the FLRW val-
ues. Additionally, we have analysed the interaction of two and three modes in the growth
of structure within our exact non-linear framework. Lastly, we have compared the results
of light tracing in several exact solutions with those commonly used in weak lensing.
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Figure 3.11: Difference in magnitude (top panels) and density contrast (bottom panels)
between the background ΛCDM model and the exact void models. We show results for
an observer looking through spherical (top), quasi-spherical (middle) and cylindrically
symmetric (bottom) voids. The dashed lines correspond to compensated lines of sight and
the dotted lines to uncompensated lines of sight, in analogy to Fig. 3.10 for the top panel
and a vertical line of sight for the middle panel. The standard weak lensing prediction is
shown in solid green in each case, which predicts the wrong sign and amplitude of the
effect. The insets show the equatorial density contrast, with each square 160 Mpc across.
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Figure 3.12: Left, we show the accuracy of the lensing approximation compared to the ex-
act result for the magnification near the far edge of a spherical compensated void (δ < 0)
and an unvirialised over-dense lump (δ > 0). Right, we compare the full linear ap-
proximation to the exact result, maximum differences of > 20% are seen for deep, but
nevertheless realistic, voids. Voids/lumps of radius 100, 50, 25, and 10 Mpc are used.
We consider the redshift and distance measures for single mode density deviations
on different length scales and of different amplitudes. The largest effect for the redshift
and distance measure to deviate from the FLRW results seems to be obtained for larger
density deviations and larger scales. The results are shown in Figs. 3.3, 3.4 and 3.5.
Given our conservative assumptions on the density profiles, all deviations are below the
1% level.
Combining small and large scale density deviations has significant effects on the
growth of structure, in that the peaks of the large scale modes significantly enhance the
growth of small scale deviations, see Fig. 3.7 for plots illustrating this point and the text
in Sec. 3.4.2. The interaction between short and long wavelength modes observed in our
model does not seem to have a significant effect on the redshift and distances measures
though, as the effect of the long wavelength deviation remains dominant despite the pres-
ence of small scale deviations, see Fig. 3.8 for the results of a 1 Mpc and 100 Mpc (today)
mode combination. This implies that mode coupling does not provide significantly larger
deviations on the redshift and distances than the individual modes.
For all these different density distributions, we investigated which of the terms in the
Sachs optical equations is dominant in providing the deviations, see Fig. 3.6 for the dif-
ferent terms for a single mode deviation. We find that in all cases the Ricci focusing term
is dominating, while the effect of the shear on the angular diameter distance seems to be
vanishingly small. Due to its special geometric character (the space-time is Petrov type
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D), in our model the Weyl focusing is exactly zero along the z-axis of symmetry and it
is sub-dominant with respect to the Ricci focusing in direction at a small angle α with
respect to the z-axis because of a sin2(α) factor.
To generalise our result to density distributions where peaks and voids are more pro-
nounced than in a single mode sinusoidal, we have considered an array of density profiles
given in Eq. (3.44), which provides quite peaked over-densities and large voids separating
them, choosing a typical array scale of 100 Mpc today. The results of the light tracing for
this distribution are given in Fig. 3.9, where the density distribution is shown in the top
panel. The deviations from the FLRW redshift and distance measure are still comparable
in amplitude to the results found in the single 100 Mpc mode analysis. These results are
in contrast to the results found in [37], where an approximate lattice construction was
used and large deviations from the FLRW distance – redshift relation were found also
for compensated structures. Our results are, however, in line with other approximate and
exact investigations into the optical properties of inhomogeneous space-times, see e.g.
[22, 23, 38, 18].
All the above mentioned results are for density deviations which we refer to as com-
pensated, i.e. where the metric function F averages to zero along the line of sight at all
times, so that the initially small density profile is also compensated. The results from
considering density profiles which do not average to zero initially, however, are quite
different. In Fig. 3.1, we show that over-dense and under-dense lines of sight have sig-
nificant effects on the redshift and angular diameter distance.
The fact that inhomogeneities along the line of sight have effects on the light prop-
erties is well known and studied to some degree in weak lensing analyses. To compare
the effect found in Fig. 3.1 with those expected in weak lensing we have studied several
linear void profiles and computed deviations in the magnitude using different methods.
We found that the usual weak lensing analysis does not predict the correct deviations, not
even the correct sign, for the change in magnitude, see Fig. 3.10. Using different exact
solutions to model voids profiles, we have shown that this qualitative behaviour persists
for non-linear voids and for different shapes and ray directions in Fig. 3.11. We also
found that non-linear corrections to the relativistic linear predictions can be large as seen
in Fig. 3.12. The failure of standard weak lensing for objects in and near under-dense
void regions extends also to over-dense lump regions, provided that they are unvirialised,
see Fig. 3.12. The relativistic linear analysis is accurate for computing the velocity contri-
bution due to large-scale structure, provided the voids have δmin & −0.2 (see Fig. 3.12).
The contribution from large-scale structure on the power spectrum was estimated in [20],
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but without taking account of the non-linear effects from voids that we have identified.
These non-linear corrections due to voids with δmin . −0.2 will introduce a systematic
error into the perturbative calculation. A key question is: how to estimate the non-linear
void correction and thus correct for this systematic in galaxy surveys? A similar question
applies also to supernovae magnitudes [36]. These issues require further analysis.
Chapter 4
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4.1 Introduction
The intrinsic non-linearity of GR implies that we cannot formally assume that as our
Universe has a homogeneous density, when averaged over a certain scale, its dynamics
are those of a universe with that average density. This issue is known as the backreaction
or averaging problem, see [104] for a review. This issue has mostly been studied in the
perturbed FLRW framework, see [105] for a recent example, using the Buchert averaging
scheme introduced in [31].
Here we would like to take quite a different approach and consider exact solutions
to the EFE for an equation of state p = wρ¯, where the pressure is homogeneous but we
can have non-linear inhomogeneities in the density field. Within this solution we will
consider the average expansion of inhomogeneous regions and generalise the result. In
particular, we consider the metric of the form as in the previous chapters, introduced by
Szekeres [130], but solve the EFE for a fluid with equation of state p = wρ¯ and gen-
eral density distribution ρ; i.e. the pressure is homogeneous on synchronous comoving
spatial hypersurfaces but the density can be inhomogeneous. In the background, such a
model would exhibit accelerated expansion for w < −1/3. Using the Buchert averaging
scheme we investigate whether regions containing voids can exhibit acceleration already
for w > −1/3. In contrast to previous chapters, we are not including a cosmological con-
stant Λ here as we would like to investigate whether local inhomogeneities could cause a
global expansion mimicking that of dark energy.
We define an average effective scale factor over finite volumes and show that regions
with voids do back-react on the general expansion. If the background is not accelerat-
ing, i.e. w > −1/3, the back-reaction pushes the average effective scale factor to expand
faster, closer to the linear growth with time that would result from w = −1/3. For
w < −1/3 the background is accelerating, and the back-reaction is ineffective in the
long term since inhomogeneities decay. Therefore the acceleration of the average effec-
tive scale factor and that of the background are the same in the long term. We therefore
find that the back-reaction of voids in a p = wρ background universe cannot produce
acceleration if the background itself is not accelerating.
The outline of this chapter is as follows. In Sec. 4.2 we solve the EFE for the given
metric and energy content and analyse the behaviour of the solution. In Sec. 4.3 we re-
view the Buchert averaging scheme to apply it to our solution in Sec. 4.4. We summarise
our results in Sec. 4.5.
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4.2 Models with homogeneous pressure
The class II flat Szekeres-type synchronous metric [130] can be written in form [70]
ds2 = −dt2 + S2(t) [dx2 + dy2 + Z(x, t)2dz2] , (4.1)
where we can immediately see that when Z = 1 we recover the flat FLRW metric, with
S(t) being the standard scale factor. This is the same form of the line element as used
in previous chapters, however as we are using a different energy momentum tensor here,
the solutions for S(t) and Z(x, t) will be different.
Models with homogeneous pressure can be constructed for any pressure function
p = p(t) [127, 67, 128, 111]. Our aim is to generalise the separation of background and
perturbations previously obtained for dust [69] and ΛCDM in Chapter 2 to the case of
a flat FLRW background for a single fluid with pressure p = wρ¯. In particular we will
be studying the late time behaviour for w ≤ 0. With this equation of state, conservation
of energy in the background implies ρ¯ = ρ¯0S−3(1+w) and the Friedmann equations then
imply S(t) ∼ t2/3(1+w). Therefore our starting assumption is that pressure depends on
time through a particular dependence coming from S(t):
p(S(t)) = wρ¯0S
−3(1+w) . (4.2)
This choice is going to give us different solutions from those found in [127, 128], cf.
[111]. Let us briefly summarise the main steps we used to find the exact solutions that
follow from this assumption.
We start from Einstein’s field equations
Gab = Rab − 1
2
Rgab = Tab , (4.3)
with the energy-momentum tensor of a perfect fluid
T ab = (ρ+ p)uaub + pgab . (4.4)
With the coordinates of the metric in Eq. (4.1) we can choose
ua = [1, 0, 0, 0] , (4.5)
so that the coordinates are also comoving and the fluid flow is irrotational. With these
conditions, Einstein’s equations give
Z(x, t) = F (z, t) + A(x) , (4.6)
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with the purely spatial function A(x) of the form
A(x) = a(z) + b(z)x+ c(z)y + d(z)
(
x2 + y2
)
. (4.7)
The second Friedmann equation is naturally obtained from the zz component of Ein-
stein’s equation
2
S¨
S
+
(
S˙
S
)2
= −p(S(t)) . (4.8)
Now, we use our crucial assumption that the pressure depends on time through the par-
ticular dependence from S(t) in Eq. (4.2). With this we find that Eq. (4.8) admits a first
integral (
S˙
S
)2
=
C1
S3
+
ρ¯0
3
S−3(w+1) , (4.9)
where C1 is a constant of integration. Eq. (4.9) is nothing else than the first Friedmann
equation for two non-interacting fluids: a dust component and a w-fluid. The dust term
C1 arises naturally from the integration procedure, so its value is dependent on the initial
conditions we choose. To be consistent with our choice of having a single w-fluid we
need to set C1 = 0, leaving only one free constant, ρ¯0, the density of the w-fluid today.
At late times a w-fluid with w ≤ 0 dominates over dust and hence neglecting the dust
component is physically consistent with our goal of studying the late time behaviour of a
cosmology dominated by a w-fluid for w ≤ 0.
The other Einstein equations give a second order differential equation for F
F¨ + 3
S˙
S
F˙ =
2d
S2
, (4.10)
and the following expression relating ρ, F and S:
ρ = −2
(
F¨ + 2F˙
S˙
S
)
1
(F + A)
+ 3
(
S˙
S
)2
. (4.11)
The last term we have already identified as the homogeneous part of the density of the
w-fluid, ρ¯, since we eliminated the dust component. The inhomogeneous part is charac-
terised by the variable δ, defined as usual by
δ =
ρ− ρ¯
ρ¯
. (4.12)
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The second order differential equation in Eq. (4.10) has a constant in time solution from
the homogeneous part which can be included in A(x), so that F (z, t) will be of the form
F (z, t) = β+(z)f+(t) + β−(z)f−(t) , (4.13)
where β−(z) is the integration constant of the other solution of the homogeneous part and
β+(z) is the coefficient of the particular solution, therefore it is related to d.
In order to clarify the comparison with perturbation theory, we now change time
variable from t to S and hence Eq. (4.10), using Eq. (4.9) with C1 = 0, becomes
F ′′ +
5− 3w
2S
F ′ =
6d
ρ¯0S1−3w
, (4.14)
where the prime denotes differentiation with respect to S. This equation admits a first
integral: for w 6= −1/3, integrating with respect to S we obtain
F ′ +
3− 3w
2S
F =
6d
ρ¯0(3w + 1)
S3w +
C2
S
. (4.15)
C2 is a constant of integration which gives a constant in time solution for F which can
always be included in A(x) and hence set to zero here. Then, combining Eq. (4.14) and
Eq. (4.15) we obtain, for w 6= −1/3,
F ′′ +
3
2S
(1− 3w)F ′ + 3
2S2
(3w2 − 2w − 1)F = 0 . (4.16)
The general solution of this is
F (z, t) = β+(z)S
1+3w + β−(z)S−
3
2
(1−w) . (4.17)
For w = −1/3 it is easy to show that f+ ∝ ln(S), which is the limiting case between
f+ being a growing mode (w > −1/3) and f+ being a decaying mode (w < −1/3).
From Eq. (4.17) we can see that the function F has a growing and a decaying mode
for w > −1/3, and two decaying modes for w < −1/3. This result is well known
in perturbation theory: large scale density perturbations in an accelerating background
given by w < −1/3 always decay. Here we are interested in seeing whether the effect
of growing inhomogeneities in a non-accelerating background can produce an effective
average acceleration at late times. Therefore we will mainly focus on the w > −1/3
case, considering only the growing mode in Eq. (4.17), i.e. we set β− = 0. As noted
above, the β+(z) function is related to d. In fact from Eq. (4.15) we find
d =
(5 + 3w)(1 + 3w)
12
ρ¯0β+ . (4.18)
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Thus the function β+(z) acquires the significance of a conserved quantity from Eq.
(4.15); it has a direct physical/geometrical interpretation through its relation with the
three curvature, see below.
This reduces the number of free functions in A(x) by one. However, using a coordi-
nate transformation and rescaling the free functions, in close analogy to what was done
in Chapter 2, we can eliminate all residual gauge freedom and for any value of β− we
can write
A(x) = 1 +Bβ+
[
(x+ γ)2 + (y + ω)2
]
. (4.19)
Here B = (5+3w)(1+3w)
12
ρ¯0 and we converted from the free functions a(z), b(z) and c(z)
to the free functions γ(z) and ω(z). In this way we can see that if β+ = β− = 0, i.e.
without any inhomogeneity, the solution directly reduces to the background flat FLRW
model, as A = Z = 1.
To further compare our results with standard perturbation theory around a FLRW
background, we need to relate the function F with the density profile. Using Eq. (4.11),
Eq. (4.9) and the growing mode of Eq. (4.17), we obtain
ρ = ρ¯0
A− w(3w + 4)F
S3(1+w)Z
, (4.20)
from which we can find
δ = − F
A+ F
(w + 1)(3w + 1) . (4.21)
It is striking from Eq. (4.20) that for w > 0 in the late time limit, where |F | 
|A|, the density becomes negative. This is a known unphysical result of the Szekeres-
Szafron solution for a w > 0 fluid and has been noticed by several authors previously
[128, 102, 111]. In our analysis we have found that this is an artifact due to neglecting
the dust component in Eq. (4.9): for w < 0 neglecting dust with respect to the w-fluid
in Eq. (4.9) is consistent because the w-fluid dominates at late times, giving ρ > 0
asymptotically. However, the dust component would be dominant at late time for w > 0
and cannot be neglected in this case.
Szafron and Wainwright [128] use a slightly different Ansatz for the time dependence
of the pressure, but still find ρ < 0 at late times, which they can only avoid by restricting
themselves to the decaying mode only. Sales de Lima and de Garcia Maia [111] assume
the background dependence of pressure on time and then find the same ρ < 0 for w > 0
as we do. For the rest of this chapter, we will restrict our attention to the one fluid w < 0
case only and consider its late time limit to be equivalent to the late time limit of a two
fluid solution of dust and a w-fluid for w < 0. We keep in mind that the late time limit
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of the one fluid case for w > 0 cannot be considered physical without including a dust
component.
For w < 0, we can see from Eq. (4.21) that the density field can represent either
an over-density or an under-density, depending on the values of w and β+. In the case
−1/3 > w > 0 and β+ > 0 the density contrast describes an under-density field and the
denominator is always positive so that we do not incur in any singularities. If β+ < 0
instead and we keep −1/3 > w > 0, we have an over-density which gives rise to a
singularity when Z = 0. On the other hand, if w < −1/3 there are two decaying modes,
f− and f+, and we cannot make any conclusive statements about singularities without
consider the density including both those modes. In this case, singularities would occur
at early times and we would have to include the dust term in Eq. (4.9) to be completely
general. We shall not consider this case in more detail here as we are interested in late
time behaviours here.
For small values of δ, from Eq. (4.21), we find δ ∝ F . We can therefore see that in
the limit of small perturbations, the differential equation for F also governs the behaviour
of δ. Hence, we can see by comparing Eq. (4.16) with Eq. (1.39) that the differential
equation for δ completely coincides with the one for the density contrast ∆, defined in
Eq. (1.38), in the large scale limit of linear perturbation theory, i.e. when∇2∆ = 0. This
result is a generalization of the analogy between the Szekeres model and perturbation
theory found in Chapter 2, for a general equations of state.
4.3 Buchert’s averaging scheme
In the Buchert averaging scheme [31] a procedure of averaging a given scalar quantity is
defined in the context of fully non-linear GR. This formalism is then applied to the non-
linear evolution equations, one of which is the Raychaudhuri equation, see Eq. (1.40), in
order to find the time evolution of the averaged scale factor. Once averaged, this system
of equations is not closed in general though. In the case of exact solutions, however,
one can additionally calculate the average scale factor straight from its definition and
therefore close the system. We outline below how this is achieved, for reviews of the
Buchert averaging scheme see [32] and [104].
For a metric written in synchronous and comoving coordinates,
ds2 = −dt2 + hab(x, t)dxidxj , (4.22)
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we define the average of a given function Ψ(x, t) over a comoving coordinate domain D
as
〈Ψ〉D ≡ 1
VD
∫
D
d3x
√
hΨ , (4.23)
where
VD ≡
∫
D
d3x
√
h , (4.24)
is the physical volume and h is the trace of hij . We define the dimensionless scale factor
aD as
aD ≡ (VD/VDin)1/3 , (4.25)
which is normalised to the initial comoving domain D at time tin. Using this scheme,
we can average the Hamiltonian constraint and the evolution equation for the expansion
scalar Θ to obtain (
a˙D
aD
)2
=
〈ρ〉D
3
− 1
6
(QD + 〈R〉D) , (4.26)(
a¨D
aD
)
= −〈ρ〉D
6
− 〈p〉
2
+
1
3
QD , (4.27)
where in our model pressure only depends on the background density and hence
〈p〉 = p = wρ¯ . (4.28)
〈R〉D is the average of the spatial Ricci scalar and QD is the so called backreaction
term, which is given by
QD ≡ 2
3
(〈Θ2〉D − 〈Θ〉2D)− 2〈σ2〉D . (4.29)
From Eq. (4.27) we can see that if
QD > 〈ρ〉D
2
+
3
2
wρ¯ , (4.30)
the average scale factor aD will be accelerating.
Using this definition of the average expansion scalar, we apply this to the exact solu-
tion described above. We average over a finite, representative, inhomogeneous domain
and then generalise the result. The second class Szekeres model we are considering has
an axially symmetric sub case, which we will use here. In this case the density profile
can be chosen freely along the z-axis and tends to the background density away from this
axis.
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4.4 Back-reaction and a no-go theorem
From the line element in Eq. (4.1) and fluid four-velocity, Eq. (4.5), we can find the
expansion scalar
Θ = 3
S˙
S
+
Z˙
Z
, (4.31)
its average
〈Θ〉D = 3 S˙
S
+
〈
Z˙
Z
〉
D
=
V˙D
VD
, (4.32)
variance
〈Θ2〉D − 〈Θ〉2D =
〈(
Z˙
Z
)2〉
D
−
〈
Z˙
Z
〉2
D
, (4.33)
and the square of the shear
σ2 =
1
3
(
Z˙
Z
)2
. (4.34)
The backreaction term, Eq. (4.29), then is
QD = −2
3
〈
Z˙
Z
〉2
D
. (4.35)
The curvature term in the modified Friedmann equation is calculated from the Ricci three
curvature. In our model, neglecting the decaying mode, we find
3R = −2
3
(5 + 3w)(1 + 3w)ρ¯0
β+
ZS2
. (4.36)
So by taking its average, we find
〈R〉D = −2
3
(5 + 3w)(1 + 3w)ρ¯0
〈
β+
ZS2
〉
D
. (4.37)
Interestingly, a negative curvature is associated with β+ > 0 for w > −1/3. Therefore
in this case a negative curvature is always associated with an underdensity (see previous
discussion). To analyse a possible effective acceleration, i.e. when a¨D > 0, we also need
to look at the average density. From Eq. (4.20) we find
〈ρ〉D = ρ¯0S−3(1+w)
〈
A− w(3w + 4)F
Z
〉
D
. (4.38)
From this relation and Eq. (4.23) we can see that 〈ρ〉 = ρ¯ if integrating β+(z) along the
z-axis gives zero over some characteristic scale. As in previous chapters, we will refer
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to this as a compensated density profile. In this case the backreaction and the average
curvature terms vanish.
This shows that if the perturbations of our model are compensated, then the average
dynamics will be exactly those of the background. However, inhomogeneities do leave an
imprint on observations, which explains why we found small deviations in the distance –
redshift relation in Chapter 3 even in the compensated case.
If the perturbations are not exactly compensated, we will have non-vanishing back-
reaction and average curvature terms in general. To investigate whether the backreaction
term can cause acceleration, we need to consider the inequality in Eq. (4.30).
We find that at late times, independent of the value of w,
QD → −2
9
ρ¯(1 + 3w)2 . (4.39)
The late time behaviour of the average density depends on the value of w and so we find,
for w = 0,
〈ρ〉D → ρ¯S−1
〈
A
β+
〉
D
, (4.40)
and, for −1/3 < w < 0,
〈ρ〉D → −ρ¯w(3w + 4) . (4.41)
Note that for w = 0, 〈ρ〉 and ρ¯ exhibit different asymptotic time behaviours, while for
w < 0, 〈ρ〉 ∼ ρ¯ at late times.
For w = 0, at late times | 〈ρ〉D
2
| < |QD| and since QD < 0, it follows from Eq. (4.30)
that we cannot get acceleration in this case. However, for−1/3 < w < 0 all terms in Eq.
(4.30) have the same time dependence and the condition for effective acceleration, after
substituting Eq. (4.35), Eq. (4.38) and the background density into Eq. (4.30), becomes
−2
9
(1 + 3w)2 > −1
2
w(3w + 4) +
3
2
w , (4.42)
which is only satisfied for w < −1/3. It therefore follows that we cannot obtain an
affective acceleration, a¨D > 0 unless the background itself is accelerating (i.e. when
w < −1/3).
Another way of analysing the average expansion properties is from the definition of
the average scale factor directly. For the line element, Eq. (4.1), using the definition in
Eq. (4.25) we have
aD = P (Li)S(t)
[∫
D
Z(x, t)d3x
]1/3
, (4.43)
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for some constant (for a given box size) P (Li). The form of Z, given in Eq. (4.7),
shows that if we have a monotonically growing function f+(t), at late times Z will be
dominated by this growing mode. If the integral of β+ with respect to z does not vanish
over some characteristic scale, i.e. not considering compensated density profiles, we find
at late times
aD ∝ Sf 1/3+ (4.44)
∝ t 29 4+3w1+w . (4.45)
This shows that for −1 < w < −1/3 we find that a¨D > 1 so that the averaged universe
is accelerating. However, for w < −1/3 the background is accelerating by itself and so
the acceleration is not driven by the backreaction. For −1/3 < w < 0 the average scale
factor has a negative second derivative and hence we find no acceleration. This means
that inhomogeneities cannot produce acceleration if the background is not accelerating,
which we here refer to as a no-go theorem.
However, we can analyse the effect of the inhomogeneities for −1/3 < w < 0 on the
expansion, i.e. we would like to see whether inhomogeneities increase or decrease the
expansion rate, even if no acceleration is found. One can see from the above calculations
that
〈ρ〉D 6= ρ¯, (4.46)
in the late time limit. Hence, one cannot use the Buchert equations to investigate the
deviation from the expansion of the background defined through ρ¯, if we consider an
embedded void region such that Eq. (4.46) holds. We can however rewrite the averaged
second order Friedmann equation, slightly modified from Eq. (4.27), as(
a¨D
aD
)
= − ρ¯
6
− p
2
+
1
3
Q˜, (4.47)
where Q˜ is now the beackreaction term from a background defined through ρ¯. This
expression can be solved for Q˜ in terms of the equation of state parameter w and time by
using the expression
ρ¯ =
4
3(1 + w)2t2
, (4.48)
the equation of state and the expression for aD, see Eq. (4.45). Restricting ourselves to
−1/3 < w < 0 we find that
Q˜ =
2
3
(w + 1
3
)(−w + 5
3
)
(1 + w)2t2
, (4.49)
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which is strictly positive for this range of w. This shows that the effect of the inho-
mogeneities is to increase the average expansion rate, but we can see from the above
discussion that acceleration only occurs when w < −1/3.
4.5 Summary
In this chapter we have developed the Szekeres-Szafron solution [130, 127] for an equa-
tion of state p = wρ¯ and analysed the behaviour of the models. We have shown that small
density deviations in this model grow as perturbations in FLRW perturbation theory on
large scales but can be extended into the non-linear regime. The analogy between the
differential equation for F , which corresponds to δ at early times, and the density devi-
ation ∆ found in Chapter 2 has been generalised to the w-fluid case. We have therefore
shown that in the linear regime density deviations in this non-linear model grow in the
same way as predicted by perturbation theory for a w-fluid.
Our main aim was to analyse the average expansion of regions containing non-linear
inhomogeneities. We have shown that regions containing compensated density deviations
expand as the background whereas non-compensated regions exhibit different expansion
rates. This is in agreement with the light tracing in Chapter 3 for a w = 0 fluid, where we
saw no significant deviations in the distance – redshift relation for compensated profile
but did see large deviations for uncompensated profiles. Whether uncompensated pro-
files would be able to produce accelerated expansion was unclear from the light tracing
though. In this chapter we have used the Buchert averaging scheme to analyse whether in-
homogeneities can cause accelerated expansion. We have found that for −1/3 < w < 0
void regions can cause a faster cosmic expansion but not cause acceleration. Average
accelerated expansion is only found for w < −1/3 where the background itself is accel-
erating. This results in a no-go theorem: No density deviations can cause acceleration
unless the background itself is accelerating.
Here we have assumed that the average expansion and the expansion derived from the
distance – redshift relation are synonymous, which is not necessarily true for a general
space-time as shown in [34]. To be completely general we would thus have to prove that
the distance – redshift relation in this model only implies acceleration for w < −1/3 as
well. However, from the w = 0 case where we compared the results from this chapter
with the results from Chapter 3, we have reason to believe that in the space-time used here
the expansion found from the distance – redshift relation and from the average expansion
are closely related.
Chapter 5
Second order general relativistic effects
on the matter density
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5.1 Introduction
The physical processes at work during the very early stages of the evolution of the Uni-
verse are still not very well understood. Observations suggest that the Universe has un-
dergone a period of accelerated expansion – inflation – during its first ≈ 10−33 seconds
after the big bang. Which physical mechanism was driving this expansion is still an ac-
tive field of discussion, see [79, 78, 90] for reviews. The main problem is that we simply
have no direct probe of the very early Universe yet since photons only decoupled from
matter during recombination, approximately 300 000 years after the big bang. A direct
probe of the early Universe would be the detection of primordial gravitational waves.
However, gravitational wave detectors have not yet reached high enough sensitivities for
such detections. Therefore we do not have any direct probes of the early Universe yet
and it remains difficult to constrain models of the early Universe. The first light we can
detect, the CMB, has been studied and observed in great detail (see Sec. 1.1). One way
of indirectly probing the early Universe is to use the distribution of inhomogeneities in
the CMB or in the distribution of galaxies around us, i.e. the LSS see Sec. 1.1, to re-
construct the primordial distribution of inhomogeneities. In this chapter we will focus
on one aspect of the reconstruction of the primordial power spectrum from today’s LSS.
The primordial power spectrum could be used to constrain the physics of the early Uni-
verse. If the theory of gravity was a linear theory, the density perturbations we observe
today would just be a linear amplification of the primordial ones and it would be trivial
to reconstruct the primordial density inhomogeneities. However, as we discussed in Sec.
1.4.1 GR is an inherently non-linear theory and thus reconstructing the primordial den-
sity perturbations from the ones we observe today is not trivial.
In particular, the feature of the primordial density fluctuations which will be the main
discriminator between different theories of the early Universe is the non-Gaussianities
in the distribution of inhomogeneities, see [12] for a review on this topic. Even if the
primordial power spectrum was completely Gaussian, non-linear general relativistic pro-
cesses would still induce non-Gaussianities. It is therefore essential to understand which
kind of non-Gaussianities in the matter distribution are induced by non-linear GR effects
in order to be able to reconstruct the non-Gaussianities in the primordial power spectrum.
It is the topic of this chapter to clearly demonstrate how primordial non-Gaussianity,
set on large scales, would feature in today’s dark matter density perturbations on linear
scales in a ΛCDM cosmology. We will clearly distinguish this feature from gravitational
effects which are present even in Newtonian gravity and from purely GR induced fea-
tures. All our work will be done in the synchronous-comoving gauge, in analogy to [13]
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where the main results of this derivation for the ΛCDM case have been presented first,
see [86] for the second order treatment of the pure CDM case excluding primordial non-
Gaussianity. In deriving the form of the second order density fluctuations we follow a
different route to the work in [13]. We do not solve for any metric variables at second
order but rather solve for the second order density fluctuations by constructing a second
order differential equation for it from the conservation and Raychaudhuri equations, see
Sec. 5.3.2. Additionally, we shall discuss which approximations need to be made to de-
rive this result and make a direct comparison between Newtonian theory and GR. We
show that the evolution equations for the second order density perturbations is the same
in Newtonian theory as in GR. The essential difference between the two theories is that
the constraint equations are different and hence the initial conditions for the density pro-
files are set differently.
We will be working in the synchronous-comoving gauge here, starting with the non-
perturbative derivation of the dynamical and constraint equations in Sec. 5.2. In Sec.
5.3 we derive results at first and second perturbative orders, clearly showing which ap-
proximations need to be made at second order, when non-Gaussianity is produced and
how primordial non-Gaussianity is propagated. In Sec. 5.4 we show how the evolution of
non-linearities differs in Newtonian gravity and GR. We finally summarise in Sec. 5.5.
5.2 The synchronous-comoving gauge
In this section we work with the synchronous-comoving gauge in an exact non-perturbative
way. For alternative derivations of this general discussion, see [13] for the ΛCDM case
and [86, 89] for a pure dust cosmology.
The synchronous gauge is defined by making a gauge transformations such that φ =
ωˆi = 0 in the general perturbed line element in Eq. (1.15), i.e. we set g00 = a2(τ) and
gi0 = 0. This implies that the proper time for every observer at a fixed spatial coordinate
is the same as the cosmic time in the FLRW background. The synchronous line element
can be written in the form
ds2 = a2(τ)
[−dτ 2 + γij(x, τ)dxidxj] , (5.1)
where τ is conformal time and γij(x, τ) is the perturbed three metric, here written in
a non-perturbative form, see Sec. 5.3 for the perturbative decomposition. We consider
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irrotational dust flow and therefore we can choose to work in synchronous-comoving
coordinates and hence use observers comoving with the fluid, which has four velocity
ua = [−a, 0, 0, 0]. (5.2)
This implies that the fluid four velocity is orthogonal to the constant time spatial hyper-
surfaces with metric γij . The choice of such a comoving observer is at the basis of the
covariant approach to perturbation theory, as mentioned in Sec. 1.3; we shall not be using
this approach here but are merely taking advantage of simplifications made by choosing
a simultaneously synchronous and comoving observer. In general the extrinsic curvature
of the conformal space-time can be written as
Kij ≡ −
1
2
γikγ′kj. (5.3)
On the other hand, one can define the deformation tensor
ϑab = au
a
;b − a
′
a
δab . (5.4)
Because of our choice that ua coincides with the normal to the constant time spatial
hypersurfaces
ϑij = −Kij = aui;j −
a′
a
δij. (5.5)
We can find the energy conservation equation from the energy-momentum constraint
T ab;b = 0 to be
ρ′
ρ
= −1
2
γijγ′ij − 3
a′
a
= −ϑ− 3H, (5.6)
where we have used the fact that we are considering CDM and a cosmological constant.
We define the perturbative expansion scalar as
ϑ = ϑii, (5.7)
and
H = a
′
a
, (5.8)
which is the background Hubble expansion in conformal coordinates. We can solve Eq.
(5.6) as
ρ =
A(x)
a3
√
γ
, (5.9)
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where γ = det (γij). We define the usual
δ =
ρ− ρ¯
ρ¯
, (5.10)
with the background density
ρ¯ =
ρ0
a3
, (5.11)
and therefore find that
δ(x, τ) =
δ0(x) + 1√
γ(x, τ)/γ0(x)
− 1, (5.12)
which gives the exact density fluctuation as a function of the metric functions without
any approximations. We shall now find the evolution and constraint equations of the
metric function γij in terms of the extrinsic curvature ϑij . To derive the energy constraint
equation, we use the 00-component of the EFE, which, given Eq. (5.1), can be written as
a2ρ = R00 +
1
2
a2R, (5.13)
where we can relate the three- to the four-Ricci curvature by [137, 93]
R =(3)R + 6
(
a′
a2
)2
+ 4
a′
a3
ϑ+
1
a2
ϑ2 − 1
a2
ϑijϑ
j
i −
2
a2
R00. (5.14)
Substituting Eq. (5.14) into Eq. (5.13) we obtain the energy constraint equation
ϑ2 − ϑijϑji +
4a′
a
ϑ+R = 2a2ρ¯δ, (5.15)
whereR = (3)Ra2. This is in the form as written in [89], but can also be written as
ϑ2 − ϑijϑji + 4Hϑ+R = 6H2Ωmδ, (5.16)
as it is shown in [13].
The evolution equation is obtained from the ij component of EFE, which reads
Rij +
1
2
gijR = T
i
j . (5.17)
Using the relation between the three- and four-Ricci tensor [137, 93] and Eqs. (5.14) and
(5.16) we obtain the evolution equation
ϑi
′
j + 2Hϑij + ϑϑij +
1
4
(
ϑkl ϑ
l
k − ϑ2
)
δij +Rij −
1
4
Rδij = 0, (5.18)
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where Rij = (3)Rija2. Combining the trace of this equation with the constraint equation
in Eq. (5.16) we find the Raychaudhuri equation
ϑ′ +Hϑ+ ϑijϑji +
3
2
H2Ωmδ = 0. (5.19)
By using the 0j-component of the EFE we find the momentum constraint
ϑij|i = ϑ,j, (5.20)
where a stroke denotes a covariant derivative in the three space with the metric γij .
We have now derived the evolution, Raychaudhuri and constrain equations for the
general extrinsic curvature ϑij in a non-perturbative way. We shall use this framework
below to derive the functional dependence of metric perturbations order by order.
5.3 The perturbative treatment
The above treatment has been exact in the sense that we did not make any assumption
about γij . Now we would like to consider the scenario where the line element in Eq. (5.1)
is close to FLRW and hence we decompose the three metric γij up to second perturbative
order using only scalar quantities as
γij = δij + γ
(1)
ij +
1
2
γ
(2)
ij + ... (5.21)
=
(
1− 2ψ(1) − ψ(2)) δij + χ(1)ij + 12χ(2)ij + ..., (5.22)
where
χij =
(
∂i∂j − 1
3
∇2δij
)
χ. (5.23)
The superscript here denotes the order of the perturbations. We are not considering
vector and tensor modes here as first order vector and tensor modes are subdominant. At
second order vector and tensor modes do get produced but do not influence second order
scalar modes which are responsible for structure formation. Using the energy constraint,
evolution, Raychaudhuri equation and momentum constraint derived in Sec. 5.2 we can
construct sets of differential equations governing the growth of fluctuations at each per-
turbative order. We shall outline the procedure at first and second order, clearly stating
which approximations need to be made at second order to derive our analytical results.
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5.3.1 The first order perturbative treatment
Derivation of the differential equations for the first order variables
We now use the non-perturbative constraint, evolution and Raychaudhuri equation to find
the time evolution of the first order perturbative quantities. In order to do so we start with
the first order extrinsic curvature in terms of metric perturbations. We find
ϑ(1)ij = −ψ(1)′δij +
1
2
χ(1)
′i
j, (5.24)
and its contraction
ϑ(1) = −3ψ(1)′. (5.25)
Before we find the evolution equations, let us derive a constraint on the first order
metric perturbations. Using the momentum constraint in Eq. (5.20) we find that
∂j
(∇2χ(1) + 6ψ(1))′ = 0, (5.26)
which reads in Fourier space[
(−ikj)
(
−k2χ˜(1) + 6ψ˜(1)
)]′
= 0, (5.27)
where we use the convention that a function f(x) can be expressed in terms of the Fourier
space function f(k) as
f(x) =
∫
f˜(k)e−ik·xd3k. (5.28)
Since k-modes evolve independently at first order, we find from Eq. (5.27) the constraint
ψ(1) +
1
6
∇2χ(1) = ψ(1)0 +
1
6
∇2χ(1)0 . (5.29)
The energy constraint, Eq. (5.16), and evolution equation, Eq. (5.18), contain the
Ricci scalar and tensor and therefore, to be able to expand them to first order, we need
the first order expansion of the three Ricci scalar and tensor. We find the scalar
R(1) = 4∇2ψ(1) + 2
3
∇2 (∇2χ(1)) , (5.30)
and the combination of scalar and tensor that we need in the evolution equation as
R(1)ij −
1
4
R(1)δij = ∂i∂jψ(1) +
1
6
∂i∂j∇2χ(1). (5.31)
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Using this expression for the three Ricci scalar and the expansion of the extrinsic curva-
ture in Eq. (5.24), the energy constraint equation, Eq. (5.16), takes the form
6Hψ(1)′ − 2∇2ψ(1)0 −
1
3
∇2
(
∇2χ(1)0
)
= −3H2Ωmδ(1). (5.32)
We now use Eq. (5.31), the expansions Eq. (5.24) and Eq. (5.25) and the constraint in Eq.
(5.29) to write the contraction of the evolution equation, Eq. (5.18), in the form
ψ(1)
′′
+ 2Hψ(1)′ − 1
3
∇2ψ(1)0 −
1
18
∇2
(
∇2χ(1)0
)
= 0. (5.33)
We can relate the first order density fluctuation to the metric perturbations by expand-
ing the expression in Eq. (5.12) as
δ(1) = δ
(1)
0 −
1
2
∇2
(
χ(1) − χ(1)0
)
. (5.34)
Using this first order expansion of the density contrast, the second order differen-
tial equation for Ψ(1), Eq. (5.33), and the constraint in Eq. (5.29) we find an evolution
equation for δ(1) as
δ(1)
′′
+Hδ(1)′ = 3
2
H2Ωmδ(1). (5.35)
From this equation we will be able to derive the time dependence of the first order density
perturbation.
An alternative derivation of the differential equation for δ(1)
The second order density fluctuation will be derived later but we shall not be using the
same method as outlined for the first order fluctuation above. Instead we shall derive
the ODE governing δ(2) directly from the energy momentum conservations equation, Eq.
(5.6), and the Raychaudhuri equation, Eq. (5.19). This procedure can be followed at first
order as well and alternatively to the above derivation of Eq. (5.35) we can write the first
order perturbative expansion of the energy conservation equations, Eq. (5.6), as
δ(1)
′
= −ϑ(1), (5.36)
and the first order expansion of the Raychaudhuri equation, Eq. (5.19), as
ϑ(1)
′
+Hϑ(1) + 3
2
H2Ωmδ(1) = 0. (5.37)
Taking the time derivative of Eq. (5.36) and substituting into Eq. (5.37) we find the
differential equation
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δ(1)
′′
+Hδ(1)′ = 3
2
H2Ωmδ(1), (5.38)
just as in Eq. (5.35). This shows that the two methods of deriving the ODE for the density
fluctuation are equivalent. For the derivations of the second order density fluctuation in
Sec. 5.3.2 we shall be using the latter method only.
Deriving the time dependence of the first order variables
For the purpose of later calculations, we relate the density perturbation at first order to a
gravitational potential through the Poisson equation
∇2φP = 3
2
H2Ωmδ(1), (5.39)
where φP corresponds to the gravitational potential in the Poisson gauge whose time
dependence is well studied, see e.g. [13] for details on the Poisson gauge potential and
[82] for a review on different gauge choices.
We can therefore, using Eq. (5.34), write the metric perturbations in the synchronous
comoving gauge in terms of the gravitational potential in the Poisson gauge as
χ(1) − χ(1)0 = −
4
3H2ΩmφP +
4
3H20Ωm0
φP0, (5.40)
and
ψ(1) − ψ(1)0 =
2
9H2Ωm∇
2φP − 2
9H20Ωm0
∇2φP0. (5.41)
There is, however, a residual gauge freedom here since we can shift ∇2χ(1) and ψ(1)
by an arbitrary constant amount without changing the line element in Eq. (5.1). We can
therefore choose
∇2χ(1)0 = −2δ0, (5.42)
which implies that
∇2χ(1) = −2δ(1). (5.43)
From the differential equation for δ(1), Eq. (5.35), and neglecting the decaying mode
in δ(1) we can decompose δ(1) = δ(1)0 (x)D+(τ) such that we find the differential equation
for the growth factor D+(τ) as
D′′ +HD′ − 3
2
H2ΩmD = 0. (5.44)
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Using the decomposition of δ and what we have arrived at about the remaining perturba-
tive quantities, we can write
φP = φP0
D+(τ)
a(τ)
, (5.45)
δ(1) = δ
(1)
0 D+(τ), (5.46)
χ(1) = χ
(1)
0 D+(τ), (5.47)
ψ(1) = A(x)D+(τ) +B(x), (5.48)
where a sub zero denotes the quantities today and we normalise D+0 = 1. Once we have
solved for the growth factor D+(τ) and the scale factor a(τ) we have at hand the time
dependence of all the first order perturbative functions. This result is essential in finding
the evolution of the second order quantities as outlined in the following section.
5.3.2 The second order perturbative treatment
We shall now derive the second order differential equation for δ(2) using the energy con-
servation equation, Eq. (5.6), and the Raychaudhuri equation, Eq. (5.19), and then solve
it in terms of first order variables. Here we deviate from the derivation in [13] in that
we do not solve for the second order metric variables but we rather avoid this detour and
derive a differential equation for δ(2) directly. We start from the conservation equation,
Eq. (5.6), and we find the second order perturbative expansion
δ(2)
′
= −ϑ(2) − 2δ(1)ϑ(1). (5.49)
The Raychaudhuri equation, Eq. (5.19), takes the second order form
ϑ(2)
′
+Hϑ(2) + 2ϑ(1)ijϑ(1)j i + 3
2
H2Ωmδ(2) = 0, (5.50)
and by combining those two differential equations, we find
δ(2)
′′
+Hδ(2)′−3
2
H2Ωmδ(2) = −2δ(1)′ϑ(1)−2δ(1)ϑ(1)′−2Hδ(1)ϑ(1)+2ϑ(1)ijϑ(1)j i. (5.51)
We now use the first order expansion of the extrinsic curvature in terms of metric
variables Eqs. 5.24 and 5.25 and the relation between the first order metric variables and
the first order density fluctuation, Eq. (5.40) and Eq. (5.41) together with the Poisson
equation, Eq. (5.39), to write
δ(2)
′′
+Hδ(2)′−3
2
H2Ωmδ(2) = 2
(
δ(1)
′)2
+
1
2
∂i∂jχ(1)
′
∂i∂jχ
(1)′+3H2Ωm
(
δ(1)
)2
. (5.52)
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Figure 5.1: Plot of e(Ωm) defined in Eq. (5.53) as a function of redshift z. Clearly, at high
redshift the approximation that e(Ωm) ≈ 1 seems very good, however, at low refshift an
error of the order of 10% is induced.
It is from this differential equation that we will derive the time dependence of δ(2).
However, in order to find an analytical particular solution to this differential equation, we
need to make the approximation
e(Ωm) =
f 2(Ωm)
Ωm
≈ 1, (5.53)
where
f(Ωm) ≡ D
′
+
D+H , (5.54)
here written in the notation of [13]. In the Einstein-de Sitter case the approximation in
Eq. (5.53) is exact and therefore it only becomes an approximation at late times in a
ΛCDM universe. To investigate how good this approximation is we have analytically
solved for the growth factor D+ and the matter density Ωm in a ΛCDM universe. In Fig.
5.1 we plot the e(Ωm) as a function of redshift to investigate its deviation from unity at
late times. At low redshift the function deviates from unity by approximately 10%, which
could be significant in the evaluation of primordial non-Gaussianity. We shall return to
discuss ways of testing this approximation once we have solved for δ(2).
For now we shall use the approximation in Eq. (5.53) which implies
D′+
2 ≈ D2+H2Ωm. (5.55)
This can be used to simplify the differential equation for δ(2) as
δ(2)
′′
+Hδ(2)′ − 3
2
H2Ωmδ(2) = H2ΩmD2+
[
5
(
δ
(1)
0
)2
+
1
2
∂i∂jχ
(1)
0 ∂i∂jχ
(1)
0
]
. (5.56)
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Once written in this from, we can split δ(2) into having a homogeneous and particular
solution such that
δ(2) = δ
(2)
h + δ
(2)
p . (5.57)
Neglecting, as in the first order case, the decaying mode the homogeneous solution takes
the form
δ
(2)
h = c1(x)D+(τ), (5.58)
where c1 needs to be determined from some initial conditions. This solution has in fact
the same time dependence as the first order density fluctuation, which is easily understood
by noticing that the homogeneous part of the ODE for δ(2) has the same form as the
differential equation for δ(1).
We find that the time dependence of the particular solutions is proportional toD2+. By
using the Poisson equation, Eq. (5.39), the relation in Eq. (5.43) and the time dependence
of the gravitational potential, Eq. (5.45), we can express the spatial dependence of the
particular solution in terms of the initial gravitational potential φIN such that we can
write
δ(2)p =
8
63H4INΩ2mIND2+IN
[
5
(∇2φIN)2 + 2∂i∂jφIN∂i∂jφIN]D+(τ)2, (5.59)
where all constants are fixed by first order initial conditions at some early time τIN  1.
This leaves us to find the initial conditions for δ(2) such that we can fix c1(x) in the
homogeneous part of the solution for δ(2). To find these initial conditions, i.e. the second
order density perturbation in terms of metric perturbations, we can use the second order
expansion of the constraint equations, Eq. (5.15), which reads
ϑ(1)2 − ϑ(1)ij ϑ(1)ji + 2Hϑ(2) +
1
2
R(2) = 3H2Ωmδ(2). (5.60)
We can rewrite the second order conservation equation, Eq. (5.49), as
ϑ(2) = −δ(2)′ − δ(1)ϑ(1), (5.61)
and the first order expansion of ϑij and ϑ are given in Eq. (5.24) and Eq. (5.25), respec-
tively. To fully expand δ(2) in terms of metric perturbations using the constraint equation,
Eq. (5.60), we still need to find R(2) in terms of metric perturbations. Using the expan-
sion of the spatial part of the metric tensor in Eq. (5.21) we can write the second order
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three Ricci scalar as (see [86])
1
2
R(2) = 1
2
(
γ(2)lk,lk − γ(2)kk
,l
,l
)
+ γ(1)jk
(
∇2γ(1)jk + γ(1)ll,jk − 2γ(1)lj,lk
)
+ γ(1)lk,l
(
γ(1)jj,k − γ(1),jjk
)
+
3
4
γ(1)lj ,kγ
(1),k
lj −
1
2
γ(1)lj ,kγ
(1)k
j,l
− 1
4
γ(1)jj
,l
γ(1)kk,l. (5.62)
Alternatively, written in terms of metric perturbations it takes the form
1
2
R(2) = 2∇2
[
ψ(2) +
1
6
∇2χ(2)
]
+ 6
(∇ψ(1))2
+ 16ψ(1)∇2ψ(1) + 4ψ(1)∂l∂jχ(1)lj − 2∂j∂kψ(1)χ(1)jk
+ χ(1)jk∇2χ(1)jk − 2χ(1)jk∂l∂kχ(1)lj − 2∂lχ(1)lk∂jχ(1)jk
+
3
4
∂kχ
(1)lj∂kχ
(1)
lj −
1
2
∂kχ
(1)lj∂lχ
(1)k
j. (5.63)
We can now use the constraint equation at early times to find the initial condition for
δ(2). In order to do so we need to use some more approximations. Since we set the initial
conditions at early times, when the horizon scale is very small, we consider the large
scale limit and therefore only consider terms with lowest order of spatial derivatives,
here two. Furthermore since we set initial conditions at τIN  1 and therefore during
matter domination, we only consider terms of the lowest order in τ . Here this corresponds
to terms which tend to a constant in time during CDM domination. Then the constraint
equation leaves us with the terms
−2Hδ(2)′h +
1
2
R(2) = 3H2Ωmδ(2)h , (5.64)
where only leading order terms ofR(2) from Eq. (5.63) will be included. We can use the
decomposition of δ(2)h in Eq. (5.58) and write the constraint as
1
2
R(2) = 2c1(x)
(
HD′+ +
3
2
H2ΩmD+
)
, (5.65)
which we can rearrange and write, using Eq. (5.54), as
c1(x) =
1
4
R(2) 1
H20
[
f(Ωm0) +
3
2
Ωm0
]−1
. (5.66)
To leading order we have
1
2
R(2)IN = −
200
9
aNL
[
(∇φIN)2 + φIN∇2φIN
]
+
50
3
(∇φIN)2 + 400
9
φIN∇2φIN , (5.67)
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where we have introduced the non-linearity parameter aNL through ζ , which is a gauge
invariant quantity and corresponds to the curvature perturbation on constant density hy-
persurfaces, see e.g. [82] for details. We expand ζ to second order as
ζ = ζ(1) +
1
2
ζ(2) + ...
= ζ(1) + aNL
(
ζ(1)
)2
+ ..., (5.68)
where aNL is a measure of the non-linear contributions in ζ . In the synchronous comov-
ing gauge we can write this curvature perturbation as
ζ
(1)
IN = −ψ(1)IN −
1
6
∇2χ(1)IN = −
5
3
φIN , (5.69)
and
ζ
(2)
IN = −ψ(2)IN −
1
6
∇2χ(2)IN =
50
9
aNLφ
2
IN . (5.70)
We can thus write the homogeneous part of the solution as
δ
(2)
h =
100
9H20
[
f(Ωm0) +
3
2
Ωm0
]−1 [(
3
4
− aNL
)
(∇φIN)2 + (2− aNL)φIN∇2φIN
]
D+(τ),
(5.71)
and therefore we can now write down the full solution for the second order density per-
turbation
δ(2) =
100
9H20
[
f(Ωm0) +
3
2
Ωm0
]−1 [(
3
4
− aNL
)
(∇φIN)2 + (2− aNL)φIN∇2φIN
]
D+(τ)
+
8
63H4INΩ2mIND2+IN
[
5
(∇2φIN)2 + 2∂i∂jφIN∂i∂jφIN]D+(τ)2. (5.72)
To simplify this expression, we can make use of the first order differential equation for
the growth factor, which reads
HIND′+ +
3
2
H2ΩmD+ = const. = H20
[
f(Ωm0) +
3
2
Ωm0
]
, (5.73)
and the fact that the initial conditions are set during matter domination, such that
HD′+IN +
3
2
H2INΩmIND+IN =
5
2
H2INΩmIND+IN , (5.74)
and hence
1
H2INΩmIND+IN
=
5
2
1
H20
[
f(Ωm0) +
3
2
Ωm0
]−1
. (5.75)
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We have again used the approximation in Eq. (5.53) here, but only at one instant in time
– when we set the initial conditions. During early times, z  1 this approximation is
correct to a very high degree of accuracy, see Fig. 5.1, and therefore this approximation
is well motivated and should not induce any significant errors.
We therefore write
δ(2) =
100
9H20
[
f(Ωm0) +
3
2
Ωm0
]−1 [(
3
4
− aNL
)
(∇φIN)2 + (2− aNL)φIN∇2φIN
]
D+(τ)
+
100
14× 9H40
[
f(Ωm0) +
3
2
Ωm0
]−2 [
5
(∇2φIN)2 + 2∂i∂jφIN∂i∂jφIN]D+(τ)2, (5.76)
which is exactly the same expression as Eq. (45) in [13]. We have therefore arrived at the
same expression for the second order density perturbation in the synchronous comoving
gauge as [13] by using a different method in that we did not solve for the second order
metric fluctuations but derived the expression for δ(2) from the Raychaudhuri equation,
Eq. (5.19), and the conservation equation, Eq. (5.6).
The time dependence of this solution is very simple in that it has a homogeneous
solution proportional to D+ and a particular solution proportional to D2+. However, de-
riving this time dependence of the particular solution has only been possible after making
the approximation in Eq. (5.53) to arrive at the differential equation for δ(2) in Eq. (5.56).
To thoroughly validate this approximation, one should therefore find a numerical solu-
tion for δ(2) without making the approximation in Eq. (5.53) and compare it with the
analytical result obtained once the approximation is made.
5.3.3 Parameterisation of non-Gaussianity
We have parametrised non-Gaussianity through the parameter aNL in Eq. (5.68), whereas
the standard parameter used is fNL. We have defined aNL as in [81] through the expan-
sion of the curvature perturbation on uniform density hypersurfaces
ζ = ζ(1) +
1
2
ζ(2) + ...
= ζ(1) + aNL
(
ζ(1)
)2
+ ..., (5.77)
where the expansion of ζ is found in terms of the metric perturbations in Eq. (5.69) and
Eq. (5.70). The standard parameter fNL is defined through the curvature perturbation on
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constant density hypersurfaces in the δN formalism [80] as
ζ˜ = ζ˜(1) +
1
2
ζ˜(2) + ... (5.78)
= ζ˜(1) +
3
5
fNL
(
ζ˜(1)
)2
+ ..., (5.79)
for details on this formalism see [82] and references therein. The factor of 3/5 in Eq.
(5.79) is convention since the parameter fNL was originally defined through the gravi-
tational potential φ and the first order relation is φ = 3/5ζ˜ in the matter era. The two
curvature perturbations ζ and ζ˜ are related through
e2ζ˜ = 1 + 2ζ, (5.80)
which implies that at first order the two curvature perturbations are identical, i.e. ζ˜(1) =
ζ(1), but at second order
ζ(2) = ζ˜(2) + 2
(
ζ(1)
)2
. (5.81)
Using this relation, we find that
fNL =
5
3
(aNL − 1) , (5.82)
from which we can see that a zero or non-zero aNL does not imply the same for fNL.
This shows that, when talking about non-Gaussianity, one has to state the variable and
gauge to which the non-Gaussianity parameter is associated.
5.4 Comparison between Newtonian and GR effects at
second order
In GR, in the synchronous and comoving gauge, we have derived the exact continuity
equation
dδ
dτ
= −(1 + δ)ϑ, (5.83)
and the Raychaudhuri equation
dϑ
dτ
+Hϑ+ ϑijϑji +
3
2
H2Ωmδ = 0, (5.84)
where we here write d
dτ
instead of ()′ to clearly distinguish different derivatives. Com-
bining these two equations and expanding the variables to first and second perturbative
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order gives us the evolutions equations for δ(1), Eq. (5.35), and δ(2), Eq. (5.52). The ini-
tial conditions for δ(2) and hence the homogeneous solution are found from the constraint
Eq. (5.60).
In the Newtonian treatment, we find the continuity equation in the Eulerian frame as
∂δ
∂τ
= −∇(1 + δ)v, (5.85)
and the Raychaudhuri equation takes the form [99]
∂ (∇ · v)
∂τ
+H∇ · v +∇ · (v · ∇) v + 3
2
H2Ωmδ = 0, (5.86)
where v = ∂iv is the peculiar three velocity and partial derivative is defined as
∂
∂τ
=
d
dτ
− v · ∇. (5.87)
We can write this equation in index form as
∂ (∇2v)
∂τ
+H∇2v + ∂i
(
vj∂j
)
vi +
3
2
H2Ωmδ = 0. (5.88)
Furthermore we expand
∂i
(
vj∂j
)
vi = ∂i∂
jv∂j∂
iv + ∂jv∂j∇2v, (5.89)
and can therefore write
∂ (∇2v)
∂τ
+H∇2v + ∂i∂jv∂j∂iv + ∂jv∂j∇2v + 3
2
H2Ωmδ = 0. (5.90)
In the Newtonian case the partial derivatives are not the same as the derivatives in the GR
synchronous comoving gauge as shown in Eq. (5.85). Converting to the total derivative,
the Newtonian equations finally take the form
dδ
dτ
= −(1 + δ)∇2v, (5.91)
and
d (∇2v)
dτ
+H∇2v + ∂i∂jv∂j∂iv + 3
2
H2Ωmδ = 0, (5.92)
where in Newtonian theory one relates∇2v to ϑ and ∂i∂jv to ϑij . Once this identification
is made, the system of equations in the Newtonian case is identical to the GR case.
We have shown that the continuity and Raychaudhuri equations are identical in New-
tonian theory and GR which implies that they perturbative expansions are the same as
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well and hence the second order differential equations for δ(1) and δ(2) are the same in the
two theories. The solution for δ(1) is in fact the same in the two theories as it has only a
homogeneous solution with identical initial conditions in the two theories. However, the
solution for δ(2) does differ.
The differential equations for δ(2) are identical in the two theories, derived for the GR
case in Eq. (5.51), which will be the same in Newtonian theory. We do find the same par-
ticular solution for δ(2) in the two theories once the approximation in Eq. (5.53) is made.
The homogeneous part of the solution are different though since they crucially depend
on the initial conditions. In Newtonian gravity the initial conditions are set by relating
the density fluctuations to the gravitational potential trough the linear Poisson equation,
Eq. (5.39). In the GR case the relation between the second order density perturbation
and the gravitational potential is non-linear, see Eq. (5.60). This implies that in New-
tonian theory, the homogeneous solution to δ(2) is only non-zero if we have primordial
non-Gaussianity in the Poisson gauge gravitational potential φP , i.e. fNL 6= 0. In the
GR case, however, the homogeneous solution is always non-zero. Hence, even if there
is no initial non-Gaussianity in the gravitational potential φP , i.e. fNL = 0, there will
be induced non-Gaussianity from the homogeneous term of the solution. This clearly
differentiates the results from the two theories.
5.5 Summary
In this chapter we have derived the dynamical and constraint equations in the synchronous-
comoving gauge for a ΛCDM cosmology, first of all in general and then at first and sec-
ond perturbative order. At first order we have rigorously derived the time dependence of
all perturbative quantities, reproducing well known results and following the notation of
[13]. These results were subsequently used in the derivation of the second order density
perturbation δ(2). We explicitly show how the second order density perturbation depends
on primordial non-Gaussianity and initial conditions. The derivation of the differential
equation for δ(2) was done in a different way than in [13], without invoking any sec-
ond order metric perturbations. This calculation, purely dependent on the continuity and
Raychaudhuri equation, provides a more direct derivation of δ(2) and confirms the results
presented in [13]. All approximations necessary in this calculation were clearly stated
and justified.
We compared the result for δ(2) with the one obtained in the Newtonian case and find
that the second order evolution equations are the same in the two theories. The way in
which the density fluctuation is related to the gravitational potential is different though.
CHAPTER 5. SECOND ORDER PERTURBATIONS 105
In Newtonian theory they are related linearly through the Poisson equation, Eq. (5.39),
whereas in the GR case the relation between the second order density perturbation and
the gravitational potential is non-linear, see Eq. (5.60). This affects the homogeneous part
of the solution for δ(2) and results in a clear separation of the purely general relativistic
part and the Newtonian part of the density distribution. This conclusion is different to
the one that Noh and Hwang arrived at [96], where they claim that at second order the
GR and Newtonian results are the same. We agree that the differential equations for δ(2)
are identical but the two theories have difference results for δ(2) due to the way that the
initial conditions get set, as discussed above.
We find that there is an induced non-Gaussianity that is intrinsic to GR and not present
in the Newtonian case. Once all the induced non-Gaussian terms are included, we can
thus reproduce the primordial non-Gaussianity from a late time density distribution on
large, linear scales. In our calculations we have used the non-linearity parameter aNL
providing a relations to the commonly used non-linearity parameter fNL.
The difference between the non-Gaussianities that are induced in the Newtonian and
the GR case are essential when it comes to interpreting Newtonian N-body simulations
with non-Gaussianity. Making the link between those simulations and observations can
only be made once GR effects are considered. Given the expression for δ(2) in the New-
tonian and the GR case, one should be able to modify the initial conditions in the New-
tonian case to essentially insert ’by hand’ the non-Gaussianity that is be generated in the
GR case into the Newtonian initial conditions in order to mimic the GR behaviour of
non-Gaussianity. This goes beyond the scope of the chapter and is left for future work.
Chapter 6
Testing the cosmological expansion with
galaxy pairs
106
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6.1 Introduction
In Chapter 1 we discussed the main cosmological probes: the CMB, SN1a and LSS.
However, we have not discussed the Alcock-Paczynski (AP) effect [1] which uses the fact
that, when analysed with the correct geometry, we should observe astrophysical and cos-
mological structure to be exactly of the shape as it is seen by an observer that is comoving
with the structure. Many attempts have been made to use this effect on astrophysical ob-
jects to trace cosmological expansion but limiting factors such as the evolution of the
shape of structures with redshift and peculiar velocities have made measurements very
difficult. For regions of space-time that expand with the background, observed angles
and redshifts can be translated into proper distances using the angular diameter distance
dA(z) and the reciprocal of the Hubble parameter H(z). Requiring isotropy in proper
distance, after translating from angle and redshift measurements, leads to measurements
of the product dA(z)H(z).
Because radial information comes from redshifts, AP measurements are traditionally
limited by peculiar velocities, also known as comoving velocities [6, 118]. These add
to expansion-driven redshifts, leading to apparent anisotropic clustering if redshifts are
assumed to be completely cosmological in origin, even if the correct dA(z) and H(z) are
used to analyse redshifts. These redshift-space distortions (hereafter RSD) are degener-
ate with the AP effect, removing signal [6, 118], unless assumptions are made such as the
Universe following a FLRW metric [112]. In fact, it is simply standard convention that
makes us split redshift into cosmological and peculiar velocity components: considering
that pairs of galaxies move due to local space-time curvature shows that the expansion
rate and the RSD component can be strongly correlated. Requiring a complete separa-
bility of galaxy motion into local effects and global effects requires the assumption of
a linear theory of gravity. However, as we have shown in Sec. 1.4.1 GR is inherently
non-linear and therefore it is not immediately obvious that such a splitting is possible
from a purely theoretical point of view. In the extreme case of bound systems, for exam-
ple, the combined pairwise velocity is not dependent on background evolution, i.e. the
expansion-driven redshift difference across a pair is exactly cancelled by the RSD signal
(see Sec. 6.3).
Marinoni and Buzzi [84] recently proposed a method to derive cosmological con-
straints from pairs of galaxies for which peculiar velocities can be modelled. They pro-
vided a fitting formula for the observed distribution of velocities, which can then be used
to help break the AP-RSD degeneracy. They assume the normalisation of the galaxy
velocity distribution to be redshift and cosmology independent, whereas a more recent
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work by Jennings et al. [74] questioned this statement using N-body simulations. In the
work presented here we investigate this further, considering how well pairs of galaxies,
selected using different properties, trace the cosmological expansion.
We use the Millennium simulation [120] to test how the pairwise velocity of galaxy
pairs may contain information about the background expansion of the Universe. We argue
that the local density in which the pairs are found may affect the amount of information
these pairs carry on cosmology, because each patch of the Universe expands in a way that
depends on the local density. Our analysis suggests that selecting isolated pairs, as con-
sidered by Marinoni and Buzzi, can result in relative velocities of the galaxies in the pair
that are more in line with the Hubble expansion, i.e. they need smaller, less cosmology
dependent peculiar velocity corrections. We also find a better match if low-mass tracers
are used.
The layout of this chapter is as follows: in Sec. 6.2 we briefly review the AP effect
and explain why it cannot be used for bound systems in 6.3. In Sec. 6.4 we describe the
Millennium simulation and the two semi-analytic models used: Guo et al. [71] and Font
et al. [64]. In Sec. 6.5 we present and discuss the results we obtained by analysing all
galaxy pairs regardless of their local density, while in Sec. 6.6 we consider only isolated
pairs. The effects of varying galaxy properties are studied in Sec. 6.7. In Sec. 6.8 we
compare the results from the two different semi-analytic galaxy formation models used.
We then conclude in Sec. 6.9.
6.2 The Alcock Paczynski effect
Consider a distribution of particles expanding with the Hubble flow, in the redshift inter-
val (z−∆z/2, z+∆z/2) and subtended by an angle ∆θ. Assuming a FLRW cosmology,
the proper size of the object perpendicular to our line of sight is given by
d1 = dA(z)∆θ, (6.1)
where dA(z) is the angular diameter distance to the object. The size of the object parallel
to the line of sight is given by
d2 =
∆z
(1 + z)H(z)
, (6.2)
where ∆z is the difference in the redshift of objects closest and furthest away from the
observer and H(z) is the Hubble parameter at the central redshift of the distribution.
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Assuming that the collection of particles statistically does not have a preferred direc-
tion with respect to one line of sight, then 〈d1〉 = 〈d2〉, allowing a statistical cosmological
measurement [1], from a sufficient number of pairs, of
H(z)dA(z) =
∆z
(1 + z)∆θ
. (6.3)
Note that ∆z, z and ∆θ are all directly observable quantities. The AP effect, as described
above assumes that ∆z as measured only depends on the cosmological expansion. In fact,
the relative velocity of pairs of particles depends on the local curvature of space, so this
is not necessarily a good approximation.
6.3 Observing bound systems
Consider applying the AP effect on bound systems, such as shown by the triangle OBC
in Fig. 6.1. Here we cannot relate ∆z to the proper distance using the Hubble parameter,
or if we force this, we have to consider a peculiar velocity that cancels the expansion. We
can write the observed redshift width ∆z0 = 0 as1
∆z0 = ∆z +
∆v‖
c
(1 + z), (6.4)
where ∆v‖ is the difference between the velocities along the line of sight. If v‖ is the
orbital motion only v‖ = vorb, then ∆z0 = 0 as photons from both galaxies are subject to
the same cosmological expansion.
We can calculate a variable with the units of distance as in [84]
∆x0 = ∆x+
∆v‖
H(z)
(1 + z). (6.5)
But using the arguments above ∆x0 = 0 and, as ∆v‖ is independent ofH(z), usingH(z)
to translate to distance does not provide any extra cosmological information. Hence any
information, even if from apparent orientation of pairs, is independent of H(z).
We now consider bound systems that have broken free from cosmological expansion.
In general, the Hubble expansion velocity can be defined for any pair of particles in
the Universe. With this definition, a static body has peculiar velocities that oppose and
balance the expansion. To see this more clearly, consider an N-body simulation with
a comoving coordinate system. In this coordinate system, a body that has a constant
proper size would appear to be collapsing. In interpreting this system from an N-body
simulation, one might consider this infalling velocity as a peculiar velocity, although in
1For clarity, we include the speed of light c here, even though it is set to one in the rest of this thesis.
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Figure 6.1: This figure shows schematically two collapsed regions. Objects A and B,
which are not gravitationally bound, will have different cosmological redshifts given
by zA,B = HrA,Bcom + v
A,B
‖ /c, while gravitationally bound objects B and C, shown in
the second collapsed region, will have a line of sight component of their velocity that
exactly cancels the expansion so that particles within that region will all have the same
cosmological redshift.
effect this is simply balancing the cosmological expansion. One therefore sees that there
is a general interplay between the expansion rate and the peculiar velocities, which must
be included in any interpretation of data.
Interpreting this in terms of local curvature, Fig. 6.1 shows two collapsed regions
being observed. In the standard interpretation, objects B and C, which are in a collapsed
system, have peculiar velocities that cancel any cosmological redshift between them. The
infall peculiar velocity must therefore be
vpec = −H(z)rBC . (6.6)
A light ray sent from B to C, will experience a Doppler shift due to the motion of the
objects towards each other in addition to the cosmological redshift. Assuming that the
light ray is emitted at a wavelength λem, the Doppler shift changes this wavelength to
λdop and the observed wavelength at B is λobs. The change in the wavelength due to the
Doppler shift, assuming velocities much smaller than the speed of light, is
λdop =
λem(
1 + H(z)d
c
) . (6.7)
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Due to the cosmological redshifting, the light ray is then observed at a wavelength of
λobs =
(
1 +
H(z)d
c
)
λdop, (6.8)
where we can substitute (6.7) and obtain
λobs = λem. (6.9)
This shows that if one treats the redshift difference between two objects as including a
cosmological expansion component, one cannot assume that the peculiar velocity is inde-
pendent of cosmology: for bound systems their combined effect is zero. In an alternative
and equally valid interpretation, B and C live in a flat Minkowski space-time, which
does not lead to a cosmological redshift due to cosmological expansion. Photons only
start to experience a cosmological redshift once they are free from the bound system, and
subject to cosmological expansion: photons from B and C travelling to O experience the
same cosmological redshift. The line of sight radial velocity distribution is independent
of H(z) due to decoupling from cosmological expansion and hence, whatever the true
expansion rate H(z), we should expect the same velocities from isolated bound systems,
which are simply all behaving as if they were in Minkowski space-time.
6.4 The Millennium simulation and semi-analytic galaxy
models
In order to quantify how the dynamics of galaxy pairs may be affected by factors like cos-
mological redshift, isolation radius, mass of the halo etc., we have considered a popula-
tion of galaxies from the Millennium simulation [120]. This traces the evolution of 21603
dark matter particles of mass 1.18 × 109 M from redshift 127 to the present day inside
a periodic box of side 500 Mpc/h, storing data on dark matter particles at 64 different
times. The simulation assumes a ΛCDM cosmology with parameters based on a com-
bined analysis of the 2dFGRS [41] and the first-year WMAP data [119]. The parameters
are Ωm = 0.25, Ωb = 0.045, ΩΛ = 0.75, n = 1, σ8 = 0.9 and H0 = 73 km/sMpc−1.
We used the data from two semi-analytic models of galaxy formation based on the
Millennium simulation, the one by Guo et al. [71] and the one by Font et al. [64]. Most
of our analysis uses the semi-analytic model of [71] which is based on the growth of and
merging of the population of subhaloes.
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For our analysis, we have varied several parameters from the galaxy catalogues,
namely redshift, mass of the subhalo that hosts the galaxy, stellar mass and r-band rest-
frame magnitude. Unless differently stated, the redshift shown in our plots corresponds
to z = 0.989.
6.5 All galaxy pairs
In this section we study the average pairwise velocity of galaxies regardless of local
density and galaxy properties. We shall compare our findings with predictions from
linear perturbation theory to examine general trends, and test the possibility of using
randomly selected galaxy pairs to trace cosmological expansion.
6.5.1 Method
For each galaxy pair, we compute the comoving separation d, the pairwise velocity v12
and its square v212. We define the pairwise velocity as:
v12 =
d d
d t
=
(v1 − v2) · (x1 − x2)
d
, (6.10)
where t is cosmic time, and x and v are comoving galaxy positions and velocities given
by the simulation. Note that, following the Millennium simulation, we work in coordi-
nates that are comoving with the Hubble flow, hence, v12 represents the peculiar, non-
Hubble component of the pairwise velocity. In the plots that follow, we shall always
show the −H(z) d curve and denote it as “static solution”. We shall also highlight the
zero line, which in these plots represents the Hubble flow, and denote it as “comoving
solution”. Any data point above the comoving solution represents pairs where the two
galaxies are receding from each other faster than the Hubble expansion, while below they
are moving towards each other in comoving coordinates.
We group pairs in bins according to their separation d and, for each bin, compute the
average 〈v12〉 and the variance var(v12) = 〈v212〉 − 〈v12〉2 of the pairwise velocity. Our
definition of expectation value is:
〈vn〉 ≡ 1
Npairs
Npairs∑
i=1
(vi)
n , (6.11)
where Npairs is the number of pairs in the separation bin. In all the plots in this chapter,
we shall always show 〈v12〉 as a function of pair separation, with the error bars for each
bin taken as
√
var(v12)/Npairs.
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By default, we employ a logarithmic binning in galaxy separation. In order to better
visualise the data, however, in some plots we combine underpopulated bins together so
that each bin represents at least a minimum number of galaxy pairs, Nmin. In this section
we use Nmin ≥ 1000 while, due the poor statistics, we shall employ Nmin ≥ 2 for some
of the “isolated” plots in Sections 6.6 and 6.7.
6.5.2 Results
In Fig. 6.2 we show the average pairwise velocity v12 of all the galaxies within the semi-
analytic model of [71] at redshift z = 0, as a function of separation d. The velocities
found from the simulation are represented by the red dots with one-sigma error bars,
while the blue and black lines are, respectively, the static and comoving solutions. We
also plot the prediction of linear perturbation theory for v12 as the green dashed line,
obtained using the prescription of [63, 107], where we have chosen a bias of b = 1,
which is in agreement with that measured from clustering within the galaxy catalogue.
Another model for pairwise velocities and a way of extracting cosmic parameters using
this model is given in [61].
Linear theory prediction
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Figure 6.2: Average relative velocity for all galaxy pairs at redshift z = 0. The blue solid
line represents the static solution, followed by pairs that have already virialised and do
not feel the background Hubble flow. The green dashed line represents the linear theory
model for pairwise velocities according to the prescription found in References [63, 107]
with a bias of b = 1. Error bars, which are too small to be clearly seen are plotted at the
one sigma confidence limit, assuming Poisson statistics.
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For separations larger than d > 10 Mpc/h, we can see that the average peculiar
velocity is correctly predicted by linear theory. As we follow the velocity curve into the
non-linear regime, galaxy pairs approach the static line until they cross it at d ∼ 3 Mpc/h.
This crossing marks the beginning of the infall regime, where the galaxies in the pairs
get closer to each other, but with smaller velocities as their separation decreases. On the
smallest scales, the pairs asymptote to the static solution.
To use galaxy pairs as tracers of the cosmological expansion, we need their peculiar
velocity to be small with respect to the Hubble flow or modellable. A smaller correction
is required if v12 is closer to zero comoving velocity than to the static solution. As we
noted above, only for d > 10 Mpc/h are the velocities closer to the comoving solution
than the static solution, which is the regime of linear perturbation theory. On scales
d . 3 Mpc/h, galaxy pairs follow closely the static solution on average. Their peculiar
velocity component is equal and opposite to the Hubble flow, therefore they do not carry
any cosmological information (refer to Sec. 6.3).
6.6 Isolated pairs
In this section we investigate how the kinematics of galaxy pairs changes when an iso-
lation criterion is imposed and how this depends on the isolation radius, the allowed
number of galaxies within this radius, and redshift. We use the same galaxy sample as in
Sec. 6.5.
6.6.1 Method
We initially define a galaxy pair to be isolated within a radius riso if each galaxy in the
pair has exactly 1 neighbour within riso, and that neighbour is the other galaxy in the
pair. This is equivalent to drawing two spheres of radius riso centred on the galaxies,
and imposing the absence of galaxies extraneous to the pair in each of the spheres. We
shall weaken this requirement, allowing for the maximum number of neighbours Nneigh
in each sphere to be larger than 1. Thus, for a given isolation radius, we can interpolate
between the dynamics of galaxy pairs in the fully isolated case (Nneigh = 1) and in the
unconstrained case (Nneigh → ∞). We implement such isolation criteria with arbitrary
number of neighbours in a two-step process. We first determine the number of neighbours
for each galaxy in the simulation, and later use this information to select only those pairs
where each galaxy has less than Nneigh neighbours.
We fix the isolation radius to riso = 4 Mpc/h initially, which matches the definition of
isolation adopted by [84]. We shall later investigate the kinematics of galaxy pairs if we
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reduce the isolation radius. Note that in the plots that follow, we only look at separations
less than the isolation radius to ensure that the pair is truly isolated.
6.6.2 Results
In the upper panel of Fig. 6.3 we present the relative motion of galaxy pairs as a function
of their separation for galaxies that are isolated within a 4 Mpc/h radius. The galaxies
are taken from the semi-analytic model in [71], applied to the Millennium simulation at
redshift z = 0. The data points are plotted in red with one-sigma error bars. The blue
line is the static solution and the black line the comoving solution – see Sec. 6.5.1 for
their definition.
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Figure 6.3: Upper panel: average pairwise velocity for isolated galaxy pairs at redshift
z = 0. The isolation radius is taken to be 4 Mpc/h for each member of the pair. The
blue solid line represents the static solution, showing the virialisation of pairs. The three
shaded regions represent three different regimes. The left blue area represents the viriali-
sation regime: galaxies within these separations have virialised and do not experience the
background expansion. The middle red area shows the infall regime, where galaxies start
to collapse to form bound systems. The right green region shows what we denote as the
‘void effect’: on average, the isolated pair feels a stronger gravitational pull separating
the pair rather than making it closer. The error bars shown are the one sigma confidence
limit, assuming Poisson statistics. Lower panel: ratio of average pairwise velocities to
the static solution Hd. Note that the y axis of this panel is in logarithmic scale. The error
bars shown are the propagated one-sigma errors from the upper panel.
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Our first comment on Fig. 6.3 regards the error bars, which are much larger than those
in the non-isolated case of Fig. 6.2. The reason is that the imposition of an isolation
criterion results in a drastic reduction of the galaxy pairs found, which in the case of
Fig. 6.3 are only 694 2. This number is in line with [84], who find 721 pairs for their
low-redshift SDSS sample, and 509 for their DEEP2 sample.
The most striking feature about the dynamics of isolated pairs is the roughly log-
arithmic growth of the peculiar velocity v12 for scales larger than ∼ 0.2 Mpc/h. The
behaviour of v12 can be explained when we recognise that the dynamics is determined
by the combined effect of two competing forces: the mutual attraction between the two
galaxies, dominant for small separations, and the disrupting outflow from the void – the
void effect, dominant for separations close to the isolation radius. For small separations,
the mutual attraction of the members of the pair overcomes the void effect and we see
an infall regime. As we study objects with larger separations, the void effect becomes
dominant and we see a logarithmically growing pairwise velocity v12.
In the lower panel of Fig. 6.3 we plot v12/Hd, that is the ratio of peculiar velocity to
Hubble flow. For separations 0.4 < d < 4 Mpc/h we find an almost comoving regime
where the peculiar velocities are less than 20% of the Hubble flow. In such a regime, the
RSD corrections are small, and one could hope that they are easier to model so that v12
becomes a proxy of the expansion rate. In the following subsections we shall investigate
how the comoving regime depends on the isolation radius, the local density and redshift.
Varying the isolation radius
It is interesting to investigate whether the void effect, giving the approximately logarith-
mic growth of v12(d) for isolated pairs, is still present when we change the size of the
isolation radius. We demonstrate this in Fig. 6.4, where we show the peculiar velocities
of galaxy pairs with riso varying from 0.1 Mpc/h to 4 Mpc/h, at redshift z = 0.989.
For riso > 0.6 Mpc/h the presence of the void severely affects the dynamics of galaxy
pairs. The logarithmic growth of the peculiar velocity is visible, even though it is just a
hint for the riso = 0.6 Mpc/h data points. The cosmological scale d0, defined as the sep-
aration where the peculiar velocity v12 vanishes, occurs at d0 ' 0.8 Mpc/h and appears
to be independent of the isolation radius.
At small separations, we cannot see any noticeable differences between the various
riso datasets. They all follow the static solution line for d < 0.05 Mpc/h, suggesting that
isolated galaxy pairs tend to virialise on the smallest scales just as non-isolated ones do.
The number of isolated galaxy pairs at z = 0.989 increases from 435 to 71, 201 when
reducing the isolation radius from 4 to 2 Mpc/h, a factor of roughly 160. As we have
2Equivalent to one isolated pair every 106 other pairs for d = 1 Mpc/h
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Figure 6.4: Average pairwise velocity for isolated galaxy pairs at redshift z = 0.989 for
different isolation radii ranging from 0.1 Mpc/h to 4 Mpc/h.
noted above, the riso = 2 Mpc/h pairs still experience a regime where peculiar velocities
are negligible with respect to the Hubble flow. Hence their velocity difference still traces
the cosmological expansion, although the maximum separation for which this is the case
is halved with respect to the riso = 4 Mpc/h case. We conclude that using pairs isolated
within a 2 Mpc/h radius as cosmological tracers would drastically reduce the statistical
error with respect to the 4 Mpc/h case, while still needing minimal corrections for RSD,
provided that the cosmological dependence of the RSD could be modelled. We shall
discuss this in more detail later.
Varying the isolation density criterion
Here, we investigate how the dynamics of galaxy pairs changes if we relax the isolation
criterion by increasing the allowed number of galaxies Nneigh within the isolation sphere
of 4 Mpc/h.
In the linear plot of Fig. 6.5, we present the average peculiar velocity v12 at z = 0.989
for 7 values of Nneigh ranging from Nneigh = 1 (equivalent to the pure isolated case of Fig.
6.3) to Nneigh = 5000. We also plot v12 for the non-isolated galaxy pairs, as already
shown in Fig. 6.2, as a dashed green curve. As Nneigh increases, the different v12 curves
monotonically fill the gap between the pure isolated case and the non-isolated case. A
good agreement between the dynamics of pairs with and without isolation criterion is
reached once we allow each galaxy in the pair to have 5000 other neighbours.
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Figure 6.5: Average pairwise velocity for isolated galaxy pairs at redshift z = 0.989 for
different number of neighbours within the isolation sphere of 4 Mpc/h. The blue solid
line represents the static solution, showing the virialisation of pairs. The green dashed
line represents the average pairwise velocity for non-isolated pairs. The error bars shown
are the one sigma confidence limit, assuming Poisson statistics.
In the Nneigh = 10 case, we found 250, 670 pairs, roughly a factor 600 more pairs
than in the fully isolated case of Nneigh = 1. Nonetheless, the v12 curve for Nneigh = 10
is strikingly similar to the Nneigh = 1 one. In particular, the void effect still seems to
trigger the logarithmic growth of the peculiar velocity, with v12 crossing the zero line at
d0 ' 1 Mpc/h (in the fully isolated case, we have d0 ' 0.8 Mpc/h). Hence, we suggest
that pairs that are not completely isolated trace the cosmological expansion almost as
well as the fully isolated ones, with the added benefit of a much better statistics.
Varying redshift
We illustrate the redshift dependence of the peculiar velocity for isolated pairs in the top
panel of Fig. 6.6, where we plot v12(d) for the four redshifts z = 0, 0.5085, 0.989, 1.504.
It is remarkable that for separations d & 0.2 Mpc/h the peculiar velocity depends only
slightly on redshift. The scale d0, defined as the separation where v12 vanishes, ranges
from 0.6 Mpc/h at z = 0 to 0.9 Mpc/h at z = 1.504. This is a small variation if we
consider that at z = 1.504 the Universe was at one third of its current age.
In the bottom panel of Fig. 6.6 we plot the ratio between the ranges of v12 and Hd
at different redshifts as a function of separation. For separations 1 < d < 4 Mpc/h, the
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Figure 6.6: Upper panel: variation of the average pairwise velocity of isolated galaxy
pairs with redshift as a function of separation. The isolation radius is taken to be 4 Mpc/h
for each member of the pair. Lower panel: range in pairwise velocity at different redshifts
for each separation bin over range in the static solutions at different redshifts for each
separation bin. Note that the y axis of this panel is in logarithmic scale. The error bars
shown are the propagated one-sigma errors from the upper panel.
change of peculiar velocity with redshift is only 10% of the change in Hubble flow. This
implies a weak dependence of v12 on cosmological expansion on those scales.
6.6.3 Cosmological implications
Fig. 6.3 shows that for 0.4 < d < 4 Mpc/h isolated galaxy pairs at z = 0 are nearly
comoving with the Hubble flow. Thus, they move with the cosmological expansion and,
for this cosmology and epoch, only need a small RSD correction. Using different redshift
slices as a way to test different cosmological expansion rates, in the lower panel of Fig.
6.6, we identify a second regime for 1 < d < 4 Mpc/h where the peculiar velocity
v12(z) depends only slightly on the cosmological expansion. This suggests the intriguing
possibility of isolated pairs behaving in the same way on those scales regardless of the
assumed cosmology. In particular, the lower panel of Fig. 6.6 shows that the variation in
RSD model is less than the variation in expansion rates. Thus we conclude that there is
cosmological signal to be extracted here.
We refer to the intersection of these regimes, where we have almost comoving pairs
with small redshift evolution, as a cosmological regime, since we might be able to use
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these pairs as cosmological tracers. Measuring galaxy pairs in the cosmological regime
would still induce a systematic error due to the fact that peculiar velocities are non-zero.
As the correction is of the 10% level – see lower panel of Fig. 6.3 – and we might suppose
to be able to model this at the same level, we would have a 1% systematic correction
to contend with. This claim is little more than a speculation at this stage; in order to
falsify or confirm it, one needs to model isolated pairs in detail and to analyse N-body
simulations with different underlying cosmologies.
Pairs isolated within a radius of 4 Mpc/h are rare objects – see Fig. 6.7 – and this
might result in significant statistical error when dealing with observations. In Sec. 6.6.2
we found that one can drastically increase the number of pairs while keeping the RSD
correction small by either reducing the isolation radius to 2 Mpc/h or allowing up to 10
galaxies to be neighbours of the pair.
6.7 Varying galaxy properties
The main result of the previous section, illustrated in Fig. 6.3 and Fig. 6.6, is that there is
a regime where isolated galaxy pairs may be used as tracers of expansion with correction
for RSD that is weaker than the signal to be measured. Such a finding relies on the
ability of measuring the redshift of galaxies regardless of their mass or luminosity. This
is clearly not the case when dealing with actual galaxy surveys, whose flux sensitivity
is limited. To model such a selection bias, we need to investigate ways of selecting
galaxies from simulations which mimic the selection process of surveys. In this section
we address this issue by forming subsamples where galaxies are selected according to
subhalo mass, stellar mass and magnitude. We also study the redshift dependence of our
results by analysing 4 different redshifts: z = 0, 0.5085, 0.989, 1.504.
6.7.1 Method
We select galaxy subsamples from the semi-analytic models by applying cuts on galaxy
properties. We then study the dynamics of each subsample by applying the same analyses
of Sections 6.5 and 6.6. Initially we look at the number np of dark matter particles of the
subhalo the galaxy is in3. We consider np = 100, 500, 1000, 5000 corresponding to
masses m = 8.6× 1010, 4.3× 1011, 8.6× 1011, 4.3× 1012 h−1M. Note that, where no
cut is made, the number of particles in each subhalo is always np > 20, corresponding to
1.72× 1010 h−1M, since this is the threshold that defines a bound subhalo according to
[71].
3For reference, this is the np field of the Guo2010a database in the Millennium simulation servers.
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np m(M/h) r-mag m?(M/h) %(z=0) %(z=0.5) %(z=1) %(z=1.5)
20 1.7× 1010 100 100 100 100
100 8.6× 1010 -19.27 1.40× 109 17.1 17.8 17.8 17.5
500 4.3× 1011 -21.72 1.59× 1010 3.85 3.73 3.45 3.09
1000 8.6× 1011 -22.17 2.60× 1010 2.01 1.88 1.67 1.41
5000 4.3× 1012 -22.86 5.36× 1010 0.42 0.35 0.27 0.19
Table 6.1: Cuts imposed on our galaxy sample from the semi-analytic model in [71]. The
first line corresponds to no cut at all; in that case, for the particle number column, we
report the resolution limit of np = 20 [71]. The columns with a percentage sign denote
the percentage of galaxies surviving the cut at a given redshift. The m? column refers to
the cuts performed at z = 0.989, as it is the only redshift we plot for these quantities (see
Fig. 6.11 and Fig. 6.12). Note that the r-mag cuts are intended to be upper limits, while
the mass cuts are lower limits.
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Figure 6.7: Number of galaxy pairs for different mass cuts as a function of separation at
redshift z = 0.989. In the right panel we omitted the m > 8.6 × 1011 h−1M curve for
the sake of readability.
We choose the dark matter mass as our main cut because it is directly related to the
pairwise velocity dynamics, which is the main subject of this discussion. In order to
make a more direct link with observations, we also study the pairwise velocity statistics
when varying the rest-frame r-band magnitude and stellar mass of galaxies.
The limits on r-band magnitude (hereafter r-mag) and stellar mass (hereafter m?) are
chosen such that, for a given np cut, the corresponding r-mag and m? cuts yield the same
number of surviving galaxies. Table 6.1 reports the values of the limits used, together
with the resulting fraction of surviving galaxies at each redshift. We apply these cuts to
the data sets before running the pair-finder algorithms. Thus, a pair that is isolated within
its subsample may not be isolated when considering the full catalogue, i. e. our isolation
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criterion is sample dependent. This implementation is in line with an analysis of an actual
galaxy survey, limited by these cuts.
In Fig. 6.7 we show how many galaxy pairs we find after imposing the cuts given in
Table 6.1. The number of unconstrained pairs (left panel) decreases monotonically with
increasing mass cut. Note that the drop-off in the number of pairs at large separations
is due to the size of the individual boxes we consider and has no physical meaning. For
isolated pairs (right panel), the number density increases as we increase the mass cut, as
a higher mass cut results in a sparser distribution of galaxies where it is easier to find
isolated pairs. Only for our most stringent mass cut, that is for m > 4.3 × 1012 h−1M,
do we see a slight decrease in the density of isolated pairs due to the small number of
high mass galaxies.
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(c) Redshift z=0.989
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Figure 6.8: Variation of the average pairwise velocity of all galaxy pairs with redshift for
different mass cuts (number of dark matter particles) as a function of separation.
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6.7.2 Results
All galaxy pairs
In Fig. 6.8 we present the average pairwise velocity v12 for non-isolated pairs above
different subhalo mass thresholds. The four panels show the same selection procedure at
different redshifts. The mass cuts range from 1.72×1010 h−1M up to 4.3×1012 h−1M
as tabulated in Table 6.1. Note that the lowest mass cut corresponds to the smallest
subhalo in the semi-analytic model in [71], consisting of 20 dark matter particles.
Imposing a mass cut has a significant impact on the dynamics of galaxies pairs at
scales where their peculiar velocities are not well predicted by linear theory. Independent
of redshift, Fig. 6.8 shows that massive galaxy pairs experience an infall regime for sep-
arations smaller than d . 3 Mpc/h. While in such a regime, peculiar velocity increases
with mass, with the most massive galaxies ranging from v12 ' 330 km/s at z = 0 and
v12 ' 600 km/s at z = 1.504. Lower mass galaxies, on the other hand, seem to follow the
static solution up to higher separations, especially at low redshift. Our interpretation for
such behaviour is that galaxies in high mass pairs are more affected at small separations
by their mutual attraction than the underlying density field.
For separations d > 10 Mpc/h, the velocity curves at each redshift seem to converge
to a common asymptote. In Sec. 6.5, we have shown that this limit is correctly predicted
by linear theory – see the agreement between the green curve and v12 in Fig. 6.2. This
means that, even though the non-linear dynamics of the different mass limit pairs differs,
their behaviour at large separations seems to be predicted by the same linear theory.
A remarkable feature of Fig. 6.8 is the different redshift dependence of the various v12
curves. The pairwise velocity of the heaviest galaxies (cyan triangles) greatly increases
with redshift, while in the uncut case (red circles) it decreases. The intermediate curves
seem to experience smaller variations.
Isolated pairs
Having analysed the dynamics of non-isolated pairs with varying subhalo mass, we now
do the same for pairs isolated within a 4 Mpc/h radius. In Fig. 6.9 we show the average
pairwise velocity v12 for different mass cuts, with the redshift varying form panel to panel.
This is the same set-up as in Fig. 6.8; note, however, that here we only plot separations
up to 4 Mpc/h.
All curves in Fig. 6.9, regardless of redshift, present the same features found in the
uncut sample shown in Fig. 6.3 and explained in Sec. 6.6. Namely, we see a virialised
region on the smallest scales, an infalling regime on intermediate scales, and a roughly
logarithmic growth due to the void effect on the largest separations analysed. The main
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(c) Redshift z=0.989
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(d) Redshift z=1.504
Figure 6.9: Variation of the average pairwise velocity of isolated galaxy pairs with red-
shift for different mass cuts (number of dark matter particles) as a function of separation.
The isolation radius is taken to be 4 Mpc/h for each member of the pair.
difference from the uncut case is the separations at which these different regimes hold.
Most importantly, we can see that the logarithmic growth of v12 begins at larger sepa-
rations for higher masses. This is intuitive, since we expect the mutual attraction to be
stronger in heavier pairs, thus overcoming the void effect even when the galaxies are
closer to the edge of the void.
As a result of this stronger mutual attraction, the peculiar velocity contribution in-
creases as we consider heavier pairs. This means that when it comes to isolated galaxy
pairs, low-mass pairs trace the cosmological expansion better than high-mass ones. More
quantitatively, the scale d0 where the peculiar velocity vanishes is reached at larger sep-
arations for massive pairs. At z = 0.989, d0 ranges from 0.8 Mpc/h in the uncut case to
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(a) No mass cut ( np > 20 )
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(b) Mass > 4.3× 1011 M/h ( np > 500 )
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(c) Mass > 8.6× 1011 M/h ( np > 1000 )
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(d) Mass > 4.3× 1012 M/h ( np > 5000 )
Figure 6.10: Variation of the average pairwise velocity of isolated galaxy pairs with red-
shift for different mass cuts (number of dark matter particles) as a function of separation.
The isolation radius is taken to be 4 Mpc/h for each member of the pair. Note that panel
Fig. 6.10a is equivalent to the upper panel of Fig. 6.6.
almost 4 Mpc/h for pairs with m > 4.3× 1011 h−1M. For higher masses, v12 does not
even cross the zero line.
To illustrate the redshift dependence of the peculiar velocity in more detail, in Fig.
6.10 we plot v12 for a given mass-cut at four different redshifts, with the mass-cuts vary-
ing across the panels. Increasing the mass-cut makes the redshift evolution of v12 more
evident. As a result, for m > 4.3 × 1011 h−1M, we cannot identify a cosmological
regime where the pairs are comoving and have a redshift independent peculiar velocity.
“Independence” here means that the evolution is significantly less than the change in
expansion rate.
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Figure 6.11: Average pairwise velocity of galaxy pairs at z = 0.989 varying r-band
magnitude.
Magnitude and stellar mass
We now make a more direct link with observations and study the dependence of v12 on
r-band absolute magnitude and stellar mass.
In the left panel of Fig. 6.11, we show the average pairwise velocity v12 of all galaxy
pairs at z = 0.989 for the r-mag cuts given in Table 6.1. Although the curves retain their
qualitative shape, there are two major differences with respect to the mass-cut sample in
Fig. 6.8c. Firstly, the r-mag selected pairs have smaller average velocities. Secondly,
the velocity minima are all approximately aligned at the same scale of rmin ∼ 2 Mpc/h,
while for the subhalo mass cuts the different velocity curves have their minima at different
separations. These two differences are also seen when we apply the cuts in stellar mass
(Fig. 6.12a).
The velocity differences can be explained by the fact that, although the subsamples
chosen based on limits in r-band magnitude and stellar mass preserve the number density
of galaxies selected, these are not the same galaxies as the ones selected by the subhalo
mass cuts. In particular, most massive galaxies do not necessarily coincide with the most
luminous ones. In general, dark matter haloes trace the velocity of galaxies more directly
than stellar mass or r-band magnitude. Cuts based on stellar mass or luminosity add an
additional dispersion, affecting the position of the minima with respect to subhalo mass
cuts.
The right panels of Fig. 6.11 and Fig. 6.12 show the average pairwise velocity v12 for
pairs with an isolation radius of 4 Mpc/h for cuts in r-band magnitude and stellar mass
respectively. These plots should be compared with the corresponding cuts in subhalo
mass at redshift z = 0.989 (Fig. 6.9c). Even though we again appreciate that the pairwise
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Figure 6.12: Average pairwise velocity of galaxy pairs at z = 0.989 varying stellar mass.
velocities in the r-mag and stellar mass cut plots are smaller, the general dynamics shown
on the plots are the same. It is worth noting that the almost comoving regime mentioned
in Sec. 6.6.3 for each curve remains unchanged both for the r-band magnitude and the
stellar mass cuts. It is clear that the effects of galaxy selection (be it subhalo mass, stellar
mass or r-band magnitude) play an important role in the behaviour of pairwise velocities
for isolated galaxy pairs.
6.8 Comparison of two catalogues
The results presented in the previous sections were based on the semi-analytic model of
Guo et al. [71]. To check the robustness of these results, we also compute the average
peculiar velocities v12 for the semi-analytic model of Font et al. [64].
In Fig. 6.13 we show the average pairwise velocity v12 as a function of separation for
all the galaxy pairs (left panel) and for isolated pairs with an isolation radius of 4 Mpc/h
(right panel). Each curve corresponds to one of the r-mag cuts in Table 6.1, and should
be compared with the matching curve for the catalogue of [71] in Fig. 6.11. Note that
we omitted to plot v12 for our most stringent cut of r-mag < −22.86 because of poor
statistics. In general, we found significantly less bright galaxies with r-mag < −22.17 in
[64] than [71], as can be seen by the large error bars in Fig. 6.13.
A direct comparison between Fig. 6.13 and Fig. 6.11 shows that galaxy pairs have
very similar dynamics regardless of the semi-analytic model used. Not only do we see
almost the same v12 range, but also the almost comoving regime introduced in Sec. 6.6.3
is found approximately in the same range. Such findings suggest that the parameters of
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Figure 6.13: Average pairwise velocity of galaxy pairs for the semi-analytic model in
[64] at z = 0.989. This figure should be compared with Fig. 6.11, where we plotted the
same curves obtained for the model in [71].
the semi-analytic model used do not significantly affect the average pairwise velocities
of galaxies.
6.9 Summary
We have investigated the pairwise velocities of galaxies with a view towards using them
as cosmological tracers by means of an AP style test, as recently proposed in [84]. We
have analysed the dynamics of such objects within the semi-analytic models of [71] and
[64] applied to the Millennium simulation [120], and studied the dependence of their rel-
ative velocity on local density, redshift, mass of the hosting subhaloes, r-band magnitude
and stellar mass.
We have first analysed the dynamics of all galaxy pairs at redshift z = 0 (see Fig.
6.2). We have found that, on scales d > 10 Mpc/h, the peculiar velocity is correctly
predicted by linear theory [63, 107]. On the other hand, for separations d < 3 Mpc/h,
the pairs are decoupled from the Hubble flow and close to the static solution. We argue
that pairs in this regime cannot be used as cosmological tracers (see Sec. 6.3).
Being interested in investigating the claims by Marinoni and Buzzi in [84], we have
studied the dynamics of galaxy pairs that are isolated within a radius of 4 Mpc/h. At
z = 0, isolated galaxy pairs are almost comoving already for separations of 0.4 <
d < 4 Mpc/h and only need up to 20% RSD correction (see Fig. 6.3). By analysing
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redshift slices up to z = 1.504, we have found that the peculiar velocities are only
weakly dependent on the cosmological expansion (< 10% variation) for separations of
1 < d < 4 Mpc/h (see Fig. 6.6). Since expansion is the main property characterising a
cosmological model, we might assume that in this regime the dynamics of isolated pairs
are independent of the underlying cosmology. Hence, we argue that isolated pairs in this
regime could possibly be used as cosmological tracers with minimal RSD corrections.
Imposing an isolation criterion of 4 Mpc/h, as done in [84], greatly reduces the num-
ber of pairs (see Fig. 6.7). We have found that one can drastically increase the statis-
tics while keeping the RSD corrections small by either reducing the isolation radius to
2 Mpc/h or allowing up to 10 galaxies to be neighbours of the pair. When dealing with
observations, these adjustments may be helpful to reduce possibly large statistical uncer-
tainties.
As galaxy surveys are flux limited, we have studied the feasibility of a measurement
by varying the following properties of galaxy pairs: mass of the subhaloes that host the
galaxies, r-band absolute magnitude in the rest-frame, and stellar mass. Low-mass pairs
appear to be the best cosmological tracers, as RSD corrections increase with mass. More
precisely, a nearly comoving regime is reached in our analysis only for subhalo masses
of m . 4.3× 1011 h−1M, corresponding to r-band magnitudes of r-mag & −21.27 and
stellar masses of m? . 1.59 × 1010 h−1M (see, respectively, Figs. 6.9, 6.11 and 6.12).
We have also found that the peculiar velocities of galaxy pairs becomes more redshift-
dependent as we increase the subhalo mass (see Fig. 6.6). Therefore, we suggest that
isolated pairs may not be adequate as cosmological tracers if their mass or luminosity is
above the given thresholds.
Marinoni and Buzzi [84] selected isolated galaxy pairs from the DEEP2 galaxy sur-
vey [46, 95] with comoving transverse separation r⊥ in the range 20 kpc/h – 0.7 Mpc/h.
DEEP2 galaxies are known to reside in dark matter haloes of approximately 1012 M/h
[95, 42]. The results of our analysis imply that such galaxy pairs do require corrections
for evolution and cosmology dependent RSD component, which is significant with re-
spect to the evolution being measured.
Chapter 7
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This thesis concerns itself with several aspects of general relativistic and non-linear
effects on cosmological observations. Investigating non-linear effects in GR can be done
using several different approaches; exact solutions and non-linear perturbations amongst
them. Exact solutions to GR can provide a direct probe of non-linear effects and provide
valuable insight into the dynamics of non-linear matter distributions. However, exact
solutions are only known for very limited matter distribution and are therefore quite re-
stricted in their applications. Non-linear perturbations around a FLRW background can
be used to model arbitrary matter distributions in the regime of small fluctuations. There-
fore, the analysis of perturbative expansions and exact solutions are complementary and
both indispensable.
The growth of non-linear structure in the Universe is commonly modelled using New-
tonian N-body simulations. These give valuable insight into the formation and dynamics
of galaxies, clusters, superclusters and the scale of homogeneity in the Universe. Large
GR N-body simulations do not exist due to the computational difficulties associated with
GR. We have analysed the results from the Millennium simulation, a N-body simulation,
to investigate the non-linear dynamics of galaxy pairs and their dependence on the cos-
mic expansion and the local density. We therefore probe non-linear dynamics by means
of analysing a N-body simulation.
We outline below how we used the three approaches of analysing non-linear effects in
cosmology: exact solutions, perturbative expansions and N-body simulations. We state
our main results and propose possible extensions.
7.1 Light tracing and the expansion of space-time
We are interested in analysing the effects of matter inhomogeneities on the properties of
light in the context of exact solutions to GR. In Chapter 2 we have therefore developed
a class of solutions to GR which can model an arbitrary matter density profile along one
line of sight. Away from the inhomogeneities, the solutions asymptotically tend towards
a ΛCDM FLRW background and are therefore well suited to analyse the effect of in-
homogeneities on light propagation. We have investigated the growth of structure in this
class of solutions and found that for small inhomogeneities the growth is exactly the same
as predicted by perturbation theory. In the other extreme, we have analysed the forma-
tion of singularities, classified them and shown under which circumstances they can be
avoided.
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Within the context of the class of solutions found in Chapter 2 we have performed
the light tracing in Chapter 3. The main aim was to investigate whether a compensated
density profile, i.e. where the density inhomogeneity δ averages to zero along the line
of sight, would produce the same angular diameter – redshift relation as predicted in a
FLRW cosmology. We found in fact that the deviations from the FLRW relation were
small for compensated density profiles. This analysis was repeated for a range of am-
plitudes, lengths and shapes of inhomogeneities and the systematic offset in the angular
diameter distance – redshift relation was always found to be below 1%. However, for
uncompensated profiles we found large deviations from the FLRW distance – redshift re-
lations, see Fig. 3.1. This raises the question whether observations of, for example, Sn1a
are done along lines of sights that are perfectly compensated and if not, how to correct
for the offset in their observed luminosities (related to their angular diameter distance)
due to uncompensated lines of sight.
Before we can propose a correction to observational data, we need to investigate
whether uncompensated lines of sight have large effects on the angular diameter distance
– redshift relation in a range of exact solutions and whether it might already be accounted
for in the commonly done weak lensing analysis. In Sec. 3.5 we do exactly this analysis;
we use three different exact solutions to investigate the effect of a void on the distance
– redshift relation and compare this with the standard weak lensing analysis and a full
perturbative linear treatment. The common belief from weak lensing is that a void along
a line of sight, i.e. an on average underdense line of sight, has the effect of dimming the
observed luminosity of a source located behind the void. This is the same as a larger
angular diameter distance for an object at a given redshift. However, from the exact so-
lution and in fact the full linear analysis we have found that in fact a void along the line
of sight causes a brightening (or smaller angular diameter distance), see Fig. 3.10. This
result is identical in all three exact models, see Fig. 3.11, and could induce an error of up
to 20% in the observed magnitude for voids with δmin . −0.8, see Fig. 3.12. The dif-
ference between the weak lensing analysis and exact solutions comes from a term which
commonly gets neglected, a Doppler term, which could prove essential in the analysis
of cosmic data. For cosmic voids with δmin . −0.2 we find that the linear analysis and
exact solutions start to diverge and non-linear effects that are not taken into account by
linear theory become important.
It therefore seems that the difference between the weak lensing analysis and the exact
results comes from the different expansion rates of void and background. The expansion
rate in a void is higher than in the background, which affects the distance – redshift rela-
tion through the aforementioned Doppler term. It therefore seems that the fast expansion
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of void regions could have a significant effect on observations. As mentioned in Chap-
ter 1, one of the main topics of modern cosmology is to explain the observed cosmic
acceleration. Could it be then that we simply observe along lines of sight which contain
many voids, such that we interpret the Universe to be accelerating due to the fast expan-
sion of voids? In Chapter 4 we considered a class of exact inhomogeneous solutions to
GR which contain a fluid with equation of state p = wρ¯, for a constant w. This model is
similar to the model developed in Chapter 2 but contains a w-fluid only instead of dust
and a cosmological constant. We investigated the expansion of void regions and found
that they are faster than the background for −1/3 < w < 0 but cannot cause cosmic
acceleration. Compensated structures expand as the background, as expected from the
results in Chapter 3. For w < −1/3 the background itself is accelerating and therefore
the voids cannot be the cause of acceleration. Hence, within this model, this results in
a no-go theorem: No density deviations can cause acceleration unless the background
itself is accelerating.
We have therefore found no evidence that inhomogeneities can cause cosmic accel-
eration by backreaction, rather we found in Chapter 3 that the light properties along
compensated lines of sight are very similar to the FLRW result. However, uncompen-
sated lines of sight affect the distance – redshift relation greatly as shown in Fig. 3.1
and for voids in Fig. 3.11. We have found that these deviations are not commonly taken
into account in the weak lensing analysis. It is therefore necessary to investigate this
effect further and to propose a way of correcting cosmic observations, of e.g. Sn1a, for
uncompensated structures along the line of sight.
7.2 Perturbative effects on the matter distribution
The primordial distribution of matter inhomogeneities might contain some non-linearities
produced by mechanisms at work during the early Universe, commonly encoded in the
parameter fNL, see Eq. (5.79) for its definition. Constraining this non-linearity parameter
would help to uncover the physics at work during the early Universe. If the primordial
matter distribution did contain some non-linearity, then this should still be encoded in
the distribution of matter inhomogeneities today. To understand how this non-linearity
would have propagated into today’s matter distribution and how to distinguish it from
induced non-linearities, we need to study the matter distribution to second perturbative
order. In Chapter 5 we have derived, up to second order, the matter inhomogeneities in
the synchronous-comoving gauge. We have clearly shown which approximations need to
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be made to derive an analytic second order result. We have shown how primordial non-
linearities will evolve and what non-linearities are induced. By comparing the Newtonian
and GR second order differential equations for δ(2) we have found that the induced non-
linearities can be split into one part which gets induced in both Newtonian theory and
GR and one part which is purely general relativistic. From this expression for the second
order density distribution one should be able to find a way of setting initial conditions for
Newtonian simulations as to mimic the evolution of non-Gaussianities in a GR way. This
is an extension of the analysis presented in Chapter 5 and is left for future work.
7.3 The Alcock-Paczynski effect and galaxy pairs
Prompted by the claim that galaxy pairs can be used as cosmological tracers by using the
AP effect in [84], we set out to investigate the dependence of galaxy pair dynamics on
cosmic expansion in Chapter 6. We used results from the Millennium simulation to inves-
tigate the non-linear dynamical properties of galaxy pairs. To be able to use galaxy pairs
as cosmological tracers it is essential that their dynamics are dominated by the cosmic
expansion and not by peculiar velocities induced by their mutual attraction. We studied
the dependence of the pairwise velocities, the speed at which galaxies move away or to-
wards each other, on galaxy mass, number of galaxies in their neighbourhood, separation
and redshift.
We find that isolated low-mass pairs appear to be the best cosmological tracers, as pe-
culiar velocity corrections increase with mass. More precisely, a nearly comoving regime
is reached in our analysis only for subhalo masses of m . 4.3 × 1011 h−1M, see Fig.
6.9. We have also found that the peculiar velocities of galaxy pairs become more strongly
redshift-dependent as we increase the subhalo mass (see Fig. 6.6). Therefore, we suggest
that isolated pairs may not be adequate as cosmological tracers if their mass or associated
luminosity is above the given threshold. Imposing an isolation criterion of 4 Mpc/h, as
done in [84], greatly reduces the number of pairs (see Fig. 6.7). We have found that one
can drastically increase the statistics while keeping the RSD corrections small by either
reducing the isolation radius to 2 Mpc/h or allowing up to 10 galaxies to be neighbours
of the pair. When dealing with observations, these adjustments may be helpful to reduce
possibly large statistical uncertainties.
The primary concern for observational studies is the extent to which RSD “correc-
tions” need to be modelled. Cosmological measurements from BAO and RSD measure-
ments on large-scales are reaching a precision at the 2–5% level [4, 106, 98], and it is
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therefore reasonable to suppose that this is also the level at which we need to understand
RSD corrections in the context of galaxy pairs in order to make a useful contribution to
the field from small-scale measurements. We have investigated whether selection based
on local density can reduce the modelling burden, and find that low-mass, isolated galaxy
pairs are preferred. We conclude that observations of close-pairs of galaxies do show
promise for AP-style cosmological measurements, particularly for low mass, isolated
galaxies. However, significant progress needs to be made in the modelling of the RSD
corrections in order for this small scale AP style test to become competitive with existing
probes of cosmological expansion.
Appendix A
Details on solving the EFE in Chapter 2
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In this Appendix we solve the EFE, Eq. (2.2), for the line element in Eq. (2.1)) with
the energy momentum tensor given in Eq. (2.4). Since we are only considering irrota-
tional dust and a cosmological constant, we can use the off-diagonal terms of Gab as
constraints. We start by finding
Gtx = −Zxt
Z
= 0, (A.1)
Gty = −Zyt
Z
= 0. (A.2)
This implies that we can write
Z(x, t) = F (z, t) + A(x). (A.3)
Furthermore we find
Gtz =
2αzZt
Z
= 0, (A.4)
and since we know that Z will change with time we find that
α(x) = α(x, y). (A.5)
The last restriction from off-diagonal terms is given by the Gxy term. It dictates
−Zxy + αyZx + αxZy
Z
= 0; (A.6)
we will use this constraint later. The four diagonal terms give the equations
Gtt = 2
St
S
Zt
Z
+ 3
(
St
S
)2 − e−2α
S2
(
Zxx
Z
+ Zyy
Z
+ αxx + αyy
)
= ρ+ Λ,(A.7a)
Gxx
S2
= 2Stt
S
+
(
St
S
)2
+ 3St
S
Zt
Z
+ Ztt
Z
+ e
−2α
ZS2
(αyZy− αxZx− Zyy) = Λ, (A.7b)
Gyy
S2
= 2Stt
S
+
(
St
S
)2
+ 3St
S
Zt
Z
+ Ztt
Z
+ e
−2α
ZS2
(αxZx− αyZy− Zxx) = Λ, (A.7c)
Gzz
S2Z2
= 2Stt
S
+
(
St
S
)2 − e−2α
S2
(αyy + αxx) = Λ. (A.7d)
From this system, one can see that by subtracting Eqs. (A.7b) and (A.7c) from each
other, one obtains
−2αxZx + 2αyZy + Zxx − Zyy = 0. (A.8)
Multiplying Eq. (A.7d) by S2St gives
2SttSSt + S
3
t −
St
e2α
(αxx + αyy) = ΛS
2St. (A.9)
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Together with Eq. (A.5), given that S = S(t), this shows that the term e−2α(αxx + αyy)
is a constant in space and time and we identify
K ≡ −e−2α(αxx + αyy). (A.10)
Integrating Eq. (A.9) with respect to time then gives
SS2t + SK =
1
3
ΛS3 + C, (A.11)
where C is an integration constant (constant in space in time). Rearranging this equation
one finds (
St
S
)2
=
C
S3
+
1
3
Λ +
K
S2
, (A.12)
which is the Friedmann constraint equation for ΛCDM and we identify C = 1/3ρ¯0. . The
differential equation in Eq. (A.10) admits the solution
eα =
1
1 + 1
4
K(x2 + y2)
. (A.13)
Thus we find for K = 0, i.e. for a flat cosmology, that eα = 1 and therefore αx = αy =
αxx = αyy = 0. From now on we restrict our attention to a flat universe, i.e. K = 0.
In the Friedmann equation, Eq. (A.12), we identify the term C/S3 with the energy-
density term ρ¯/3. This satisfies the background continuity equation (see Appendix 2.3.4)
to give
ρ¯ =
ρ¯0
S3
, (A.14)
and therefore we identity our constant C as
3C = ρ¯0. (A.15)
Since we are only considering a flat universe, we find
Zxy = 0, (A.16)
and
Zxx = Zyy, (A.17)
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from Eqs. (A.6) and (A.8) respectively. We can thus reduce the system in Eqs. (A.7a) –
(A.7d) to
2
St
S
Zt
Z
+ 3
(
St
S
)2
− 2 Zxx
ZS2
= ρ + Λ, (A.18a)
2
Stt
S
+
(
St
S
)2
+ 3
St
S
Zt
Z
+
Ztt
Z
− Zyy
ZS2
= Λ, (A.18b)
2
Stt
S
+
(
St
S
)2
= Λ. (A.18c)
The combination (A.18b) + 1
2
(A.18c)− 1
2
(A.18a) gives
3
Stt
S
+
Ztt
Z
+ 2
St
S
Zt
Z
= −ρ
2
+ Λ. (A.19)
Combining Eqs. (A.12), (A.15) and (A.18c) yields
Stt
S
+
ρ¯0
6S3
− Λ
3
= 0, (A.20)
which is the Friedmann equation for ΛCDM. Subtracting 3 times Eq. (A.20) from Eq.
(A.19) gives
Ztt
Z
+ 2
St
S
Zt
Z
+
M
2S3Z
− ρ¯0
2S3
= 0, (A.21)
where we have used Eq. (2.46). Substituting the decomposition of Z we found in Eq.
(A.3), we find
S3Ftt + 2S
2StFt − ρ¯0
2
F = −M
2
+
ρ¯0
2
A. (A.22)
Clearly the LHS is a function of time and z only and the RHS is a function of x, y and
z only. Hence both sides must be equal to a function of z only. Call this function g(z):
then F satisfies the differential equation
Ftt + 2
St
S
Ft − ρ¯0
2S3
F =
g(z)
S3
. (A.23)
This ODE has two homogeneous and one particular solution. We denote the homoge-
neous solution F h = F h(z, t). The particular solution is easily spotted to be
F p = −2g(z)
ρ¯0
. (A.24)
This gives the form
F = F h(z, t)− 2g(z)
ρ¯0
. (A.25)
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Also, from Eq. (A.22) we find
A =
2g(z)
ρ¯0
+
M
ρ¯0
, (A.26)
which implies
Z = F h(z, t) +
M
ρ¯0
. (A.27)
This shows that the metric is completely independent of the function g(z). This can
be understood by looking back at Eq. (A.3). There we have decomposed the function Z
into two separate functions A and F , but both those functions are functions of z, which
means that there is always a certain arbitrariness in the choice of F and A. We could
easily add g(z) to F and subtract it from A and still end up with the same function Z.
Thus, we can choose here the function g(z) to be equal to zero without loss of generality,
which gives
A =
M
ρ¯0
. (A.28)
Keeping the function g(z) would not change any results but would merely clutter the
equations. In other words, we only need the homogeneous part of Eq. (A.23) to com-
pletely specify our solution. From now on therefore, we will assume that F satisfies the
equation
Ftt + 2
St
S
Ft − ρ¯0
2S3
F = 0. (A.29)
As first pointed out in [70], this linear ODE is the equation satisfied by δ, the first-order
density fluctuation, in a perturbed dust FLRW universe.
Since this equation has two linearly independent solutions, which exhibit growing
and decaying behaviour, we can write F as
F (z, t) = β+(z)f+(t) + β−(z)f−(t), (A.30)
where f+(t) and f−(t) are the growing and decaying solutions respectively and β+(z)
and β−(z) are free functions of z. Using this decomposition of F and Eqs. (A.16) and
(A.17) we can find the functional form of A, obtaining
A(x) = a(z) + b(z)x+ c(z)y + d(z)(x2 + y2). (A.31)
Looking at the system of differential equations, Eqs. (A.18a) – (A.18c), we can see that
we have only extracted two equations out of this system, so we should be able to get more
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information out of it. Subtracting Eq. (A.18b) from Eq. (A.18c) we find
3
St
S
Zt
Z
+
Ztt
Z
− Zxx
ZS2
= 0, (A.32)
which can be brought into a slightly different form by using the relation between Z and
F ,
3
St
S
Ft + Ftt − Zxx
S2
= 0. (A.33)
Using Eq. (A.29) and noting that Zxx = 2d, we find
St
S
Ft +
ρ¯0
2S3
F − 2d
S2
= 0. (A.34)
We discuss the form of this equation in more detail in Sec. 2.5, on perturbation theory.
This equation really takes the form of a first integral equation of Eq. (A.29) when K = 0.
We show this here and start by modifying Eq. (A.29) to obtain
St
S
Ftt + 2
(
St
S
)2
Ft − St
S
ρ¯
2
F = 0. (A.35)
From Eqs. (A.12) and (A.20) we can find
2
(
St
S
)2
=
ρ¯
2
+
Stt
S
+
(
St
S
)2
. (A.36)
Using this expression, we can rewrite Eq. (A.35) as
SStFtt + SSttFt + StStFt +
ρ¯0
2S
Ft − ρ¯0
2S2
FSt = 0, (A.37)
which can easily be integrated to obtain
St
S
Ft +
ρ¯0
2S3
F − C
S2
= 0, (A.38)
where C is a constant in time. This equation takes the same form as Eq. (A.34). However
the function C here cannot be related to the metric, whereas, when this differential equa-
tion is derived using the EFE, we can find that C = d(z), which features in the metric
itself.
Appendix B
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We add this Appendix to aid the reader in gaining some physical interpretations of
some of the variables. In this section Ln denotes the dimension of length to the power of
n; assuming c = 8piG = 1, we find
[Z] = L0, (B.1)
[t] = L, (B.2)
[,t ] = L
−1, (B.3)
[x] = [y] = [z] = L, (B.4)
[S] = L0, (B.5)
[ρ¯0] = L
−2, (B.6)
[Λ] = L−2, (B.7)
[B] = L−2, (B.8)
[τ ] = L0. (B.9)
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Here we would like to present how to find the Weyl focusing term Ψ0 for light rays
travelling at an angle α from the z-axis. In the Newman-Penrose formalism, the five
Weyl scalars (Ψ0 – Ψ4) are contractions of the Weyl tensor with a complex null tetrad, la,
na, ma and m¯a; for our notation see [35]. In Chapter 2 we have derived the Weyl scalars
for the null tetrad
ma =
1√
2
(0,
1
S
,−i 1
S
, 0), (C.1)
na =
1√
2
(1, 0, 0,− 1
SZ
), (C.2)
la =
1√
2
(1, 0, 0,
1
SZ
), (C.3)
where S and Z are the metric functions and m¯a is simply the complex conjugate of ma.
In this special null tetrad, the only non-zero Weyl scalar is Ψ2. Here, we are interested
in light tracing and we find that the tetrad vector la = dxa/dλ and so depending on the
direction the light rays travel in, the vector la is going to change. Hence we need to
understand how changes in the complex null tetrad affect the Weyl scalars. Given the
properties of complex null tetrads, there are only three distinct types of transformations,
those of type I, II and III, see Sec. 2.3.3 for details.
Each of these three rotations has the effect of mixing the Weyl scalars in a specific
way, see [35] for the exact relations. To find the tetrad determined by Eqs. (3.34) and
(3.35) from the above tetrad, we need to perform a combination of these transformations.
We have used, in the given order, a transformation of type II with
b = i
cos(α)− 1
sin(α)
, (C.4)
a transformation of type III with
A1 = 2
1− cos(α)
sin2(α)
, (C.5)
and
θ1 = 0, (C.6)
a transformation of type I with
a = −icos(α)− 1
sin(α)
, (C.7)
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and finally a transformation of type III with
A2 =
1√
2E
, (C.8)
and
θ2 = 0. (C.9)
From these rotations, we obtain the null tetrad given in Eqs. (3.34) and (3.35) from the
null tetrad in Eqs. (C.1) – (C.3). Given the transformation rules of the Weyl scalars for the
above rotations, we find all five Weyl scalars to be non-zero in general and specifically,
we find that
Ψ˜0 = −3 sin2(α)E2Ψ2, (C.10)
where the tilde denotes the quantity after the rotations. This is the Weyl focusing term
for light rays travelling at an angle α to the z-axis.
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